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A. RAGHURAM AND NAOMI TANABE 



1. Introduction 



Shimura proved the following fundamental result (see [37' Theorem 4.3]) on the critical values of the 
standard L-function attached to a holomorphic Hilbert modular form. 

Theorem 1.1 (Shimura). Let f be a primitive holomorphic Hilbert modular cusp form of type {k, ip) over a 
totally real number field F of degree n. Assume that the weight k — [ki, . . . , fc„) satisfies the parity condition 

ki = ■ ■ ■ = kn (mod 2). 

Let k^ = min(fci, . . . , fc„) and fep ~ max(fci, . . . , fc„). There exist nonzero complex numbers u{r, {"') defined 
for r £ Z"/2Z" and a £ Aut(C) such that for any Hecke character x of Ap of finite order, for any integer 
m with 

(fco-fc")/2<m< (fco + fc°)/2, 

and for any a G Aut(C), we have 

Lf{m,f,x) \ _ %(m,r,x") 



(27ri)™" r(x) u(e, f ) / (27ri)™" r(x'^) u(e, f^) ' 

where e is prescribed by: xi^-) = sgn[a'^ N (a)"^] ; the quantity t{x) is the Gauss sum attached to x, and 
Lf{s,f,x) is the (finite part of the) standard L-function attached to f, twisted by x- 

The purpose of this semi-expository article is to give another proof of the above theorem, which is rather 
different from Shimura's proof. However, before proceeding any further, let us mention that our proof is 
contained in the union of these papers: Harder [TH], Hida [H]; see also Dou [TU]. What is different from these 
papers is an organizational principle based on the period relations proved in Raghuram-Shahidi [34] while 
working in the context of regular algebraic cuspidal automorphic representations. The point of view taken 
in this article is that one need only prove an algebraicity theorem for the most interesting L-value, namely, 
the central critical value for the standard L-function of a sufficiently general type of a cuspidal automorphic 
representation; this theorem says that the central critical value divided by a suitable power of 27ri and also 
divided by a suitable period attached to the representation lies in the rationality field of the representation. 
The period relations mentioned above tell us what happens to these periods upon twisting the underlying 
representation by algebraic Hecke characters, which then gives us a result for all critical values of any such 
twisted L-function. This is analogous to Hida [21] Theorem 8.1] as well as Harder [18l Theorem on p. 86]. 

Next, to see that this theorem indeed gives Shimura's theorem 'on the nose', one needs the dictionary 
between holomorphic Hilbert modular forms and automorphic representations of GL2 over a totally real 
number field F . The dictionary is certainly well-known to experts, however, it is difficult to find all the 
details in the literature. Most treatments assume at some point that the narrow class number of F is one, 
while Shimura makes no such restrictions on F . Besides, we could not find anywhere the answer to the 
question: is the dictionary Aut(C)-equivariant? Some of the standard books on Hilbert modular forms 
like Freitag [TT], Garrett [T2] or van der Geer [52] do not have what we want; although Garrett's book 
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has a definitive treatment of the action of Aut(C) on spaces of Hilbcrt modular forms-which is called the 
'arithmetic structure theorem' in his book. This is our second motivation to write this article; we write 
down such a dictionary, give enough details to make the presentation self-contained, and also analyze its 
arithmetic properties. (We refer the reader to Blasius-Rogawski pj and Harris [20] for some intimately 
related arithmetic issues about Hilbert modular forms.) 

We now describe the theorems proved in this paper in greater detail, toward which we need some notation. 
Let F be a totally real field of degree n, and let Ai? be the adele ring. Let G = ReSi^-/Q(GL2). Given a regular 
algebraic cuspidal automorphic representation H of G{Aq) = GL2(Aj7), one knows (from Clozel [7]) that there 
is a pure dominant integral weight /z such that H has a nontrivial contribution to the cohomology of some 
locally symmetric space of G with coefficients coming from the dual of the finite dimensional representation 
with highest weight /i. We denote this as H e Coh(G',/i^), for /x e Xq{T), where T = ReSi?/Q(T2) and 
T2 is the diagonal torus of GL2. Under this assumption on H, one knows that its rationality field Q(n) is 
a number field, that H/ is defined over this number field, and for any a g Aut(C) the representation '^H 
is also a regular algebraic cuspidal automorphic representation of GL2(Ai?). It is further known that the 
Whittaker model of H/ carries a Q(n)-structure. Similarly, for every e — (ei, . . . ,e„) £ Z"/2Z" = {±}", 
a suitable cohomological realization of depending on e also carries a rational structure. One defines a 
period p'^(n) by comparing these rational structures. Such periods came up originally in the works of Eichler 
and Shimura; in our context, these periods are the same as in the papers of Harder and Hida alluded to 
above. The periods are defined simultaneously for '^H for any a G Aut(C). The first main theorem proved 
in this article is: 

Theorem 1.2 (Central critical value). Let II be a regular algebraic cuspidal automorphic representation of 
GL2(Ai?) , for a totally real number field F of degree n — np — [F : Q]. Assume that s = 1/2 is critical for 
the standard L-function L(s,H) attached to H. Then for any a £ Aut(C) we have 

\{2TTi)d^pi+'-^+){Ii) ) (27ri)''~p(+^-^+)('^n)' 

where doo = rf(Hoo) = d(°'Hoo) is an integer determined by the representation at infinity; see Proposition \ 3. 24\ 
In particular, 

L/(1/2,H) ^Q(n) (2^i)'*-p(+-+)(n), 
where, by ^Q(n); we mean up to an element of the number field Q(H). 

Section[3]is devoted to giving a reasonably self-contained proof of the above theorem. The following result 
on all critical values for twisted L- functions follows from the period relations proved in [ 34] . 

Corollary 1.3 (All critical values). Let II he a regular algebraic cuspidal automorphic representation of 
GL2(Ai?), for a totally real number field F of degree n = np = [F : Q]. Let rji,. . . ,r]„ be all the infinite 
places of F. Assume that s^^+m^^+Zis critical for the standard L-function L{s, H) attached to H. 
Then, for any finite order character x of F^\Ap, and for any a G Aut(C) we have 

%(l + m,H.8x) \ ^ L/(i + m,"n®'^x) 

V(27ri)'*~+"'"p((-i)"<^^)(H)a(x) / (27ri)''~+™p((-i)'"'^''x)('^n)g('^x)' 

where = (x»)i(~l); ■ • • iXr;„(^l)) i^^- 'parity' of x determined completely by Xco — ®]^iXvj' '^^'^ Gix) 
is the Gauss sum of x- 
In particular, 

Lf{l/2 + m,U®x) -mn,x) (2^*)'^-+""y(-i)'"^-)(H)g(x), 
where, by ~Q(n,x)j mean up to an element of the compositum o/Q(H) and Q_{x)- 
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To see that the corollary exactly corresponds to Shimura's Theorem 11.11 above, we need to know the 
dictionary between primitive holomorphic Hilbert modular forms for F and regular algebraic cuspidal auto- 
niorphic representations of GL2 over F. The latter part of this paper is devoted to this dictionary and its 
arithmetic properties. The main statements are summarized in the theorem below. 

Theorem 1.4 (The dictionary). There is a bijection { ^ H between 

• f G ^^(n, w)pi.iiu, that is f is a primitive holomorphic Hilbert modular form of weight k — (fci, . . . , fc„), 
of level n and nebentypus character u which is a character of {Op/n)'^ ; by primitive we mean it is 
an eigenform for all Hecke operators Tp, a newform, and it is normalized as c{Of, f) = 1- 

• n is a cuspidal automorphic representation of Gh2{^F) whose representation at infinity liao = 
®jDk.-i, of conductor n, and central character ujn = uj-the adelization ofuj; here Di is the discrete 
series representation o/GL2(M) with lowest non-negative K-type being the character ~mse) ^ 
g-j(i+i)e^ and central character a H> sgn(a)'+"'^. 

This dictionary has the following arithmetic properties: 

(1) (L-functions) For any finite order character x of F^\Ap we have an equality of (completed) L- 
functions: 

Lis, n(f) ® x) - H-'^ + {ko - l)/2, f , x), 
where the left hand side is the standard L-function defined as in Jacquet and Langlands [22] . and the 
right hand side is defined via a Dirichlet series as in Shimura [37j . 

(2) (Algebraicity) 

(a) if ki = ■ ■ ■ = kn = (mod 2) then n(f ) is algebraic; 

(b) if ki = ■ ■ ■ = kn = 1 (mod 2) then n(f) (g) | |^/^ is algebraic; 

(c) if ki ^ kj (mod 2) for some i and j then no twist o/n(f) is algebraic. 
Note that (a), (b) and (c) can all be put-together as 

ki = ■ ■ ■ = kn (mod 2) U{i) (g) | {''"/'^is algebraic. 

(3) (Regularity) Suppose now that fci = ■ • ■ = fc„ (mod 2). Then n(f) g) | j'^o/^ is regular exactly when 
each kj > 2. 

(4) (Galois equivariance) Let fci = ■ • ■ = fc„ (mod 2) with kj > 2 for all j. Then, for any a G Aut(C) 
we have: 

'^(n(f)(8)| ^ ^ I |feo/2^ 

where the action of a on representations is as in Clozel \J or Waldspurger |41| . and on Hilbert 
modular forms is as in Shimura [37j . 

(5) (Rationality field) Let Q(f) be the field generated by the Fourier coefficients of{, and let be 
the subfield of complex numbers fixed by the set of all a € Aut(C) such that '^n(f)^ = n(f)„ for all 
finite places v. Then Q(f) = Q(n(f)). 

We start by setting up our notations and conventions in Section [51 In 13.11 we discuss arithmetic issues 
of regular algebraic cuspidal automorphic representations where we borrow heavily from Clozel . In 13. 2[ 
we provide a summary of the definition of certain periods and certain relations amongst these periods as in 
Raghuram-Shahidi [34j. The rest of Section [3] is devoted to the proofs of Theorem 11.21 and CoroUarv 11.31 
We start Section |4] by reviewing the basics of holomorphic Hilbert modular forms borrowing from Shimura's 
article [37]; the rest of that section gives a detailed proof of the above dictionary and its arithmetic properties. 

Acknowledgements: This paper had its origins in a Viennese cafe in February 2007 where Ralf Schmidt and the 
first author would meet for lunch and generally talk about modular forms, automorphic representations, and new 
vectors. It became clear then that something was lacking in the literature on Hilbert modular forms. This article is 
an attempt to fill that gap. Both the authors thank Paul Garrett and Ralf Schmidt for helpful discussions concerning 
this project. The first author is grateful to an NSF grant (DMS-0856113) which partially supports his research. 
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2. Notations and preliminaries 

2.1. The base field. Let F denote a totally real number field of degree n, O — Of the ring of integers 
in F. The set of real embeddings of F is denoted Homfioid(-F, C) — Honifioid(-F, R) — {?7i, ■ • • , Vn}- We will 
also let Soo denote this set of all real places. We write F+ for the set of all the totally positive elements 
in F. (A totally positive element means an element a in such that rij(a) > for all j = 1, . . . ,n.) Let 
^oo = ritiss^ ~ 11^=1 — i^oo+ the subset of all (xi, . . . , a;„) in F^o such that Xj > for 
all j. Let Ap denote the adele ring of F, and Apj the finite adeles; we will drop the subscript F for the 
field Q. Hence A_f = A ®q F, etc. 

Let p denote a prime ideal of O, F^ the completion of F at p, and Op the ring of integers of Fp . The unique 
maximal ideal of Op is pOp and is generated by a uniformizer vup. Let Tip denote the absolute different of 
F, i.e., Ttp^ = {x e F : Tp/q{xO) C Z}. Let Ttp = IlpP'^''- Let dp denote the absolute discriminant of F. 
Let dF e Cf be such that ordp(dF) = rp = oid{Dp); this is possible by strong approximation. 

2.2. The narrow class group of F. By the narrow class group, we mean the group F^\Ap/F^_^_ Yl j 

and the cardinality of this group, which is denoted as h = hp, is called the narrow class number. The narrow 
class group can be also viewed as the group Jp / Ppj_ of all fractional ideals of F modulo principal ideals 
generated by totally positive elements in F. The narrow class group is, in general, bigger than the class 
group Jp/Pp, and one has the following exact sequence. (See, for instance, [30] Section VL 1].) 

1 O^/Ol F^/F^^ Jp/Pp^ Jp/Pp 1. 

2.3. The groups G D B D T D Z. Let G — ResF/Q(GL2) which is the Weil restriction of scalars from F 
to Q of the algebraic group GL2 over F. Hence G(Q) = GL2(F) and more generally, for any Q-algebra A 
we have G{A) = GL2(A >Siq F). For any finite prime p, G(Qp) = np|pGL2(Fp); similarly. Goo := G(R) = 
11^=1 GL2(F^j. ) = nj=i GL2(M). Let goo be the complexified Lie algebra of Goo- 

Fix the standard Borel subgroup B = Kesp/q{B2), with B2 being the standard Borel subgroup of GL2 
of all upper triangular matrices. Let T — ResF/Q(72), where T2 stands for the diagonal torus in GL2. Let 
Z = ResF/Q(^2), where Z2 is the center of GL2 consisting of scalar matrices. For any Q-algebra A, we can 
talk of B{A), T{A) and as we did for G. 

2.4. Maximal 'compact' subgroup. Let Koo stand for the maximal compact subgroup of Goo thickened 
by its center. Hence 

n 

Koo^Y[{02mz2m) 

where 02(M) is the usual maximal compact subgroup of GL2(K). For any Lie group Q we will denote Q'^ 
the connected component of the identity, and tto{G) '■— G/G'^ denotes the group of connected components. 
Observe then that 

^^ = n(S02(M)Z2(K)°) 

and that 7ro(Goo) = 7ro(i^oo) = K^o/Kl^ ^ (Z/2Z)". We will identify the dual group {Ko^/K'^f with 
(Z/2Z)"' = {±}", with the + (resp., — ) denoting the trivial (resp., nontrivial) character of 02(R)/S02(M). 

Let too be the complefixed Lie algebra of K^o or K^; we will use similar 'standard' notation for the 
complexified Lie algebras of other Lie groups. 
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2.5. Finite-dimensional representations. Any t G Too looks like t = {tj)j e 11^=1 '^'^i-^Vj ) = ^2(R)- 
We will also write t g Too as: 

.( (^1 0^ (^2 0\ (Xn 0\\ 

l^l^O yJ'^O y2y'''-''V0 y^))- 
Let /X = (/xi, . . . , /i„) be an integral weight for Too, i-e., each /i^ = (oj, 6j) G 1? and we have 

] 3 

Let X(Toc) stand for set of all integral weights. Let X+(Too) be the subset of dominant integral weights; 
dominant for the choice of Borel subgroup being B. A weight /i £ X{Too) as above is dominant if and only 
if aj > bj for all 1 < j < n. 

For fi G X+(Too), we let stand for the irreducible finite-dimensional representation of G(C) of highest 
weight ^. Since G(C) = 0^=1 GL2(C), it is clear that E'^ — ®jE^. with E^. being the irreducible finite- 
dimensional representation of GL2 (C) of highest weight /ij . Since /ij = {a.j , hj ) it is well-known that 

E^^ = Sym''^-^^(C2) (g)det''^^ 

where is the standard representation of GL2(C). We let stand for the contragredient representation; 
E''^ = where /i'' = (^j, . . . , ^"'^) with = {-hj,-aj). Hence, 

= Sym''^ "''^ (C2) ® det""^-. 

2.6. Automorphic representations. Following Borel-Jacquet [4*, Section 4.6], we say an irreducible rep- 
resentation of G{Af) is automorphic if it is isomorphic to an irreducible subquotient of the representation 
of G{Af) on its space of automorphic forms. We say an automorphic representation is cuspidal if it is a 
subrepresentation of the representation of G{Ap) on the space of cusp forms Acusp{G{F)\G{Af)); let Vu 
denote the representation space of H. (In particular, a cuspidal representation need not be unitary.) For 
an automorphic representation H of G{Ap), we have H = Hoc ® Tlf, where Hoc = ^tigs^n^, is an irre- 
ducible representation of Goo, and Tlf — ^^^s^Hi,, which is a restricted tensor product, is an irreducible 
representation of G{Af). 

2.7. Measures and absolute values. The normalized absolute value for any local field L is denoted | |, 
and occasionally we might write | \l- The product of all the local absolute values gives the adelic norm | | 
on Ap. All the measures used will be Haar measures, or measures on quotient spaces derived from Haar 
measures. We will simply denote the underlying measure by dx or dg; the measures are normalized in the 
usual or 'obvious' way. For example, locally Op has volume 1, and similarly, so does GL2(C'p). The global 
measures on Ap and GL2(Ai?) are the product measures of local measures, etc. 

2.8. Additive character ip and Gauss sums. We fix, once and for all, an additive character ipq of Q\A, 
as in Tate's thesis, namely, i^q{x) — e^'^*'^'^^ with the A as defined in [5F, Section 2.2]. In particular, 
A — X])9<oo '^P' ^ooit) = —t for any i G M; Xp{x) for any x G Qp is that rational number with only p-power 
denominator such that x — Xp{x) G Zp. If we write V'Q = V'k €5 'X'pV'Qp: then ipTStit) — e^^'^** and ipq^ is trivial 
on Zp and nontrivial on p~^Zp. 

Next, we define a character tp of F\Ap by composing -^q with the trace map from F to Q: ip = V'Q°7V/Q- 
If i/j = ®yil}v, then the local characters are determined analogously. In particular, for all prime ideals p, 
suppose p'"'' is the highest power of p dividing the different DF^ then the conductor of the local character V'p 
is p^'"'', i.e., V'p is trivial on p~'"f and nontrivial on p^'"f^^. 

For a Hecke character ^ of E, by which we mean a continuous homomorphism ^ : F'^-\Ap — , following 
Weil [3ni Chapter VII, Section 7], we define the Gauss sum of ^ as follows: We let c stand for the conductor 
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ideal of Let y = {yp)p G be such that ordp(yp) = — ordp(c) — rp. The Gauss sum of ^ is defined as 
'5{if,i^f,y) = rip 5(?P) V'pjyp) where the local Gauss sum ty(^p , V'p , yp ) is defined as 

Qi^v.i^p.Vp) = / Cp('«p)~Vp(ypUp)rfwp- 

"'Op 

For almost all p, where everything in sight is unramified, we have ^(^p, ^Ap, j/p) = 1, and for all p we have 
^ (Cp I V'p 1 2/p ) 7^ 0- Note that, unlike Weil, we do not normalize the Gauss sum to make it have absolute 
value one and we do not have any factor at infinity. Suppressing the dependence on if) and y, we denote 
^(0' V'/, y) simply by g{£,f) or even g{£). 

2.9. Whittaker models. We will often be working with Whittaker models, and without any ado we will 
freely use these standard results. (See, for example. Bump [6, Chapters 3,4].) 

Theorem 2.1 (Local Whittaker Models). For any place v of F, let Ily be an irreducible admissible infinite- 
dimensional representation of G1j2{Fv). Then there exists a unique space 'W(Ilv,4'v) of smooth functions 
invariant under right translations by elements of Gh2{Fy) such that for any function W € yV{Tlv,ipv) 

^ (( ^ 1 ) ^) " ^""^""^ """^^ ^ GL2(i^.), 

and the representation of GL2{F^) on the space yV(n^,,'0^,) is equivalent to the representation n„. This space 
yViJlv^^^) is called a (local) Whittaker model for Ily. 

Theorem 2.2 (Global Whittaker Models). Let A ;= Ap be the adele ring of a number field F, and (H, Vn) 
a cuspidal automorphic representation o/GL2(A). Then there exists a unique Whittaker model W(n, V') for 
n with respect to a non-trivial additive character ip, that consists of finite linear combinations of functions 
given by 



IK/F 

where (/) G Vn o,nd g G GL2(A). This space decomposes as a restricted tensor product of local Whittaker 
models. 

3. Central critical value 

The purpose of this section is to give a self-contained proof of Theorem 11.21 which is based on a cohomolog- 
ical interpretation of the classical Mellin transform. In 13.11 we define regular algebraic cuspidal automorphic 
representations where we borrow heavily from Clozel and also record some well-known arithmetic prop- 
erties of such representations. In 13.21 we provide a summary of the definition of periods attached to such 
a representation 11; these periods arise via a comparison of a rational structure on a Whittaker model of 
n with a rational structure on a cohomological realization of 11. We also record certain relations amongst 
these periods as in Raghuram-Shahidi [31] . The rest of Section [3] is devoted to the proofs of Theorem 11.21 
and CoroUarv 11.31 

3.1. Cohomological automorphic representations. 

3.1.1. Cuspidal cohomology. For any open-compact subgroup Kf C G{Af) define the space 

S^, GiQ)\GiA)/K°^Kf = GUiF)\GUiAF)/K"^Kf. 

This is an example of a locally symmetric space, because such a space is a finite disjoint union of its connected 
components which are all of the form r\G(R)°/if^ for an arithmetic subgroup F of G'(M)°; locally it looks 
like the symmetric space G{M.)'^ / K^. In the literature on Hilbert modular forms, these spaces also go by 
the appellation Hilbert-Blumenthal varieties. (See, for example, Ghate [T5l Section 2.2].) 
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Let /i = (/^i, . . . , /i„) G The representation E^^ defines a local system on S'j^ . . (Working with 

the dual EJ^ instead of just E^ is for convenience which will become clear later on.) We are interested in the 
sheaf cohomology groups 

It is convenient to pass to the limit over all open-compact subgroups Kf and let 

H'{S^,£l) :=linji?-(5f^.,f;). 

There is an action of 7ro(G'oc) x G{Af) on H'{S'^,£'p, which is usually called a Hecke-action, and one can 
always recover the cohomology of by taking invariants: 

H'{S^^,£;)^H'{S^,£Xf. 

We can compute the above sheaf cohomology via the de Rham complex, and then reinterpreting the 
de Rham complex in terms of the complex computing relative Lie algebra cohomology, we get the isomor- 
phism: 

H'{S'',£;)^H'{Q^,Kl; C-(G(Q)\G(A)) ® i?;). 
With level structure Kf this takes the form: 

H'iSi^,£;)^H'{Q^,K^^; {G{Q)\G{A))^f ^ e;). 

The inclusion G^^^p{G{Q)\G{A)) ^ C°°(G(Q)\G(A)) of the space of smooth cusp forms in the space of 
all smooth functions induces, via results of Borel [3], an injection in cohomology; this defines cuspidal 
cohomology: 

H'{S^, £;) ^ H'{g^,Kl; G-(G(Q)\G(A)) ® i?;) 

7?*,,p(5G,£:;) . H'i3^,Kl; G,- p(G(Q)\G(A)) ® E^^) 

Using the usual decomposition of the space of cusp forms into a direct sum of cuspidal automorphic repre- 
sentations, we get the following fundamental decomposition of 7ro(Goo) x G(A/)-modules: 

(3.1) ii:,,p(5«,f;) = 0i/'(0oo,if:^;noo ® E^^Uf 

n 

We say that H contributes to the cuspidal cohomology of G with coefficients in EJ^ if H has a nonzero 
contribution to the above decomposition. Equivalently, if H is a cuspidal automorphic representation whose 
representation at infinity Hoo after twisting by EJ^ has nontrivial relative Lie algebra cohomology. In this 
situation, we write 11 G Coh(G, /x^). 

Whether 11 contributes to cuspidal cohomology or not is determined entirely by its infinite component 
Hoo- This is a very well-known and somewhat surprising fact; surprising because local representations at 
infinity seem to have a such a strong control over a global phenomenon. Further, it was observed by Clozel 
that this property is in fact captured purely in terms of certain exponents of characters of C* appearing 
in the Langlands parameter of Hoo. We now proceed to describe these exponents, for which we need some 
preliminaries about the local Langlands correspondence; we refer the reader to Knapp [H]. 
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3.1.2. The Weil group o/ R. Let We be the Weil group of K. Recall that as a set it is defined as Wr = 
C* U jC*. The group structure is induced from that of C* and the relations jzj^^ = z and = —1. There 
is a homomorphism Wr M* which sends z G C* to \z\c = zz and sends j to —1. This homomorphism 
induces an isomorphism of the abelianization W^^ — >■ M*. 

Let us recall the classification of two-dimensional semi-simple representations of Wr. To begin, any 
(quasi-)character ^ of C* looks like ^(s,w) : C* — >■ C* with 

where s,w G C and s — w G Z. As alluded to above, the complex absolute value is |2;|c := zz = ^(i,i){z). A 
character £,(s,w) is unitary, i.e., takes values in = {z &C* : \z\c = 1}, if and only if w = — s in which case 
s e ^Z. In other words, any unitary character of C* is of the form ^; for I e Z, where 

Next, any character x of M* looks like X(s,e) with 

X(«,e)(t) = \t\'sgn{ty 

where s £ C and e is in {0, 1}. Via the isomorphism — >■ M* any character 6 of Wr also looks like 

0(s,e) : Wr ^ C* with 

6is,e)iz) = {zzY and = (-1)^ 

Henceforth, we identify the character 0(s,e) of '^s. with the character X(s,e) of R*. Let ea : Wr — > {il} 
denote the sign homomorphism, defined as es,{z) = 1 and es.{j) = —1, i.e., eR = X(o,i)- The usual absolute 
value of a real number t is denoted \t\ and this gives an absolute value | |r on Wr, defined as X(i,o)- The 
restriction of | |r to C* via C* ^ Wr gives | |c on C*. Since Wr contains C* as an abelian subgroup of 
index two, it is an easy exercise to see that any two-dimensional semi-simple representation t is one of these 
two-kinds: 

(1) an irreducible 2-dimensional representation; r = T{l,t) parametrized by pairs {l,t) with Z > 1 an 
integer and t gC where 

ril,t) = Ind^?(6) ® I \i = Ind^"(6 ® I lc). 

(2) a reducible 2-dimensional semi- simple representaition; t — "^(xi^Xs) with, characters x.i — X{si,€i) 

of 

Wr, where 

t(Xi,X2) = Xi ® X2- 

3.1.3. Irreducible admissible representations o/GL2(R). Let us recall the Langlands classification for GL2(R). 
Let Xi)X2 be characters of R* such that Xi = X{si,ei)- Let /(xi)X2) be the normalized parabolic induction 
of the character xi <8) X2 of the standard Borel subgroup to all of GL2(R). Suppose that 3?(si) > SR(s2) then 
/(Xi,X2) has a unique irreducible quotient, called the Langlands quotient, which we denote as J(xi:X2)- 
The induced representation /(xii X2) is reducible if and only ii si — S2 = I € Z>i; in this case the Langlands 
quotient is, up to a twist, the irreducible finite-dimensional sub-quotient of dimension I, and the other piece 
is a twist of the discrete scries representation Di which we now define. (Later we will give this exact sequence 
precisely.) For any integer ^ > 1, let stand for the discrete series representation with lowest non- negative 
K-type being the character {l°^g l;os"/) e~'^'+^^^, and central character a i->- sgn(a)'+^. Note the shift 
from I to I + 1. The representation at infinity for a holomorphic elliptic modular cusp form of weight k is 
Dk-i- The Langlands classification states that any irreducible admissible representation of GL2(R) is, up to 
equivalence, one of these: 

(1) Di ® I Ir, for an integer I > 1 and t € C; or 

(2) '^(Xi)X2); for characters Xi = X(si,ei) 

of R* with 5ft(si) > 5ft(s2). 
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3.1.4. The local Langlands correspondence for GL2(M). There is a canonical bijection tt r between equiva- 
lence classes of irreducible admissible representations tt of GL2 (M) and equivalence classes of two dimensional 
semi-simple representations t = t{tt) of Wr. We call r the Langlands parameter of tt. From the above clas- 
sifications it is clear that under this correspondence, we have 

(1) vr = _D; CS) I 1^ <-> r = r(/, t)\ for an integer / > 1 and i g C; and 

(2) TT = J(xi,X2) ^ T = t(xi,X2); for characters = X(5,^ei) of I^*- 

In the second case, given xi f^^d X2, if necessary we reorder them such that 9fi(si) > 3ff(s2) which ensures that 
J(Xi,X2) is defined, while noting that reordering them does not change the equivalence class of t(xi,X2)- 
This bijection is canonical in that it preserves local factors and is equivariant under twisting. The local 
L-factor of an irreducible representation t of is as follows. (See Knapp [24].) 

[ 2(27r)-('^+*+'/2) T{s + t + 1/2) if r = Ind^^{^i) ® | |*j with I > 1. 

3.1.5. Algebraic automorphic representation. (See Clozel [71 p. 89].) Let 11 be an irreducible automorphic 
representation of GL2(Ai;-). We will work over a totally real number field F. The representation at infinity 
IIoo is a tensor product 

where is an irreducible admissible representation of GL2(-F',,) = GL2(M). For I < j < n, let tj be the 
Langlands parameter of 11,,^ . The restriction of Tj to C* is a direct sum of characters: 

with ~ C(sj. ,toj. )• We say that an irreducible automorphic representation 11 is algebraic if 

Sj, = ^ + Pj, , Wj^ = i -f qj^ , with pj^ , . e Z. 

(In other words, a global representation 11 is algebraic if all the exponents appearing in the characters of C* 
coming from the representations 11,, at infinity are half plus an integer.) 

Note that the data (sj^ , wj-^ , Sj^ , Wj^ ) depends only on two of these numbers: 

(1) the restriction of r = t{1, t) to C* is given by 

Ind^-(aS5| |*.)|c. = \h®^-i<»\ \l 

which looks like (z^z"", z^F) with s = 1/2 + 1 and w = -1/2 + t. 

(2) Or, if T = t(xi, X2) with Xi — X(si,ei)j then the restriction of t to C* is ((zz)'*i , (zz)*^). 

3.1.6. The infinity type of an algebraic automorphic representation. (See Clozel p. 106].) Let 11 be an 
irreducible algebraic automorphic representation of GL2(Ai?). The infinity type of 11 is an element of 
n"=i(Z^)^''^, i.e., it is an n-tuple of unordered pairs of integers, and is defined as follows: Consider 11' = 
11(8) 1 |~^/^. Since 11 is algebraic, all the exponents of the characters of C* coming from the infinite components 
of n' are integers. For each real place r]j for 1 < j < n, the restriction to C* of the Langlands parameter 
of the representation 11^^, as described above, looks either like (z^^ , z''^ ) or like {{zz)p^ , (zz)'^^) for 
integers Pj and qj. The infinity type of 11 is then defined as: 

oo(n) := {{pi,qi}, {p2, 52}, . . . , {Pn, qn}). 
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3.1.7. Regular algebraic cuspidal automorphic representation. (See Clozel [71 p. 111].) Let 11 be an algebraic 
cuspidal automorphic representation, and suppose ({pi, qi\, {p2, 92}, ■ • . , {pn, <?«}) is the infinity type of H. 
We say that n is regular if pj ^ qj for all 1 < j < n. 

A fundamental observation of Clozel is that a cuspidal automorphic representation 11 is regular algebraic 
if and only if 11 is of cohomological type, i.e., contributes to the cuspidal cohomology-possibly with nontrivial 
coefficients-of a locally symmetric space attached to GL2 over F. 

3.1.8. Infinite components of a regular algebraic cuspidal automorphic representation. Let us suppose that 
n is such a representation, and let us look closely at the possible exponents of the characters of C* for the 
representations at infinity. Suppose one of the representations at infinity looks like 11^ = J(xi,X2)- Then 
its Langlands parameter is r = t(xi,X2) with Xi = Xisi,ei)] the restriction of r to C* as mentioned above 
looks like {{zz}^^, (zz)^^). Since 11 is algebraic we have Si = ^ + Pi with pi G Z. Then si — S2 G Z. Since the 
inducing data is of Langlands type, we have si — S2 > 0. Since 11 is regular, si — S2 > 1- But then the full 
induced representation /(xijX2) is reducible; hence the Langlands quotient J(xijX2) is a finite-dimensional 
representation. But a cuspidal automorphic representation is globally generic (i.e., has a global Whittaker 
model) and so locally generic everywhere, and so every local component has to be an infinite-dimensional 
representation. Hence cannot be equivalent to J(xi)X2), and has to be of the form Di | \^. In this 
case the exponents of the characters are 1/2 + t and —1/2 + t; hence if I is even then t G ^Z, and if I is odd 
then t G Z. We have just proved that the infinite components of a regular algebraic cuspidal automorphic 
representation o/GL2(Ai?) are all discrete series representations twisted by integral or half-integral powers 
of absolute value. Further, there is a compatibility with all these twists afforded by the fact that there is a 
twist of the global representation which makes it unitary; see l3.1.l"T] 

3.1.9. Cohomology of a discrete series representation. We will digress for a moment to observe that discrete 
series representations of GL2(M), possibly twisted by a half- integral power of absolute value, have nontrivial 
cohomology. For brevity, let (02, K2) := {gl2,SO{2)Z2{R)°). For a dominant integral weight z/ — (a, 6), with 
integers a>b, the basic fact here is that there is a non-split exact sequence of (92, ^2)"niO'iules: 

(3.2) ^ D,^,+, ^ I ^ lnd';ll^^\xia.a)\ ®X(^6)I T'/') ^ 0. 

(Recall from our earlier notation that X(a,a)(0 = |i|"sgn(t)'^ ~ for any integer a.) In other words, in the 
category 0(92,^^2) of admissible {q2, K2)-uiodn\es, one has 

Ext^(B„K5)(^-^a-b+l ® I |["+'^/') ^ 0. 

But 

H'{Q2,K^;{Da-b+i^\ llr+'^/')®i?:) = Exti(g^ ,,„)(l,(i?,_,+i®| \^^+'^^^) ® El) 

- Extl(g^^^0)(i?.,I?a-6+l ® I 1^''+''/') 0. 

Further, it is well-known that H'{q2,K'^; (-Do-b+i ® \ |r "*"''^^^) ® El) ^ Q if and only if • = 1, and that 
dimension of -ff^(g2, K2] {Da-b+i® \ \'^~^^^^'^)®E'l,) is two, with both the characters of 0(2)/SO(2) appearing 
exactly once. (See, for example, Waldspurger [JTJ Proposition 1.4].) This detail will be useful below; 
see 13.1.1^ Finally, suppose H'^{q2,K2'^'^ ® ^v) 7^ for some irreducible admissible infinite-dimensional 
representation S of GL2(R), then the central character restricted to ]R>o and the infinitesimal character of 
S are the same as that of Ei, which can be seen from Wigner's Lemma (Borel-Wallach [51 Theorem 1.4.1]). 
It follows from Langlands classification that S ~ Da-b+i ® \ Ir"^''''^^- 
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3.1.10. 'Regular algebraic' — 'CohomologicaV. Let 11 be a cuspidal automorphic representation of G(Ai?). A 
point of view afforded by Clozel 7 is that 

n is regular and algebraic 11 G Coh(G,/i^) for some /i € X'^{T). 

Let n G Coh(G', jjL^). Say, /i = (/^i, . . . , /^„), and each — (aj, bj). Apply the Kiinneth theorem (see, for 
example, Borel-Wallach [5^, LI. 3]) to see that 

i/-(0oo,i^JL;noo®i?;)= ®;'.ii/^^(0[2,so(2)Z2(R)°;n,®£;;^.)- 

diH hd„=» 

From [3TTT9I the right hand side is nonzero only for dj — 1 and H^^. — Da^-bj+i ® \ \^'^^'^^'^ ■ The exponents 
in the Langlands parameter of H^^ are therefore given by: 

Hence H is algebraic. Next, working with H' = H (g) | |^^/^ we see that the infinity type of H is: 

oo(n) ({ai, 61 - 1}, {a2, 62 - 1}, • • • , {an, K - 1}). 

Since /i is dominant, aj > bj] whence aj > bj — I, i.e., H is regular and algebraic. 

Conversely, let H be a regular algebraic cuspidal automorphic representation of G{Ap). As in 13.1.61 the 
infinity type of tt is given by 

oo(n) := {{pi,qi}, {P2, q2}, {Pn, qn}) 
for integers pj , Qj and regularity says that pj ^ qj . Without loss of generality assume that pj > qj . Put 
flj = Pj and bj = qj + 1. Now let /ij — {aj, bj) and fi — (/ii, . . . , Then /i G A"+(T), and it follows from 
13X51 that n G Coh{G,fi'). 

3.1.11. Clozel's purity lemma. (See Clozel [71 Lemme 4.9].) Let /j, G X+(T) be a dominant integral weight 
as above; say, jj, = (^1, . . . ,/in), and each ^j = {aj,bj) with integers Uj > bj. The purity lemma says that 
if the weight /x supports nontrivial cuspidal cohomology, i.e., if Coh(G', /i^) is nonempty, then /i satisfies the 
'purity' condition: there exists w = w(/i) G Z such that Qj + bj = w for all j. This integer w is called the 
purity weight of /i, and if H G Coh(G', /i^), then we will call w the purity weight of H as well. (Proof: Given 
a cuspidal representation H, there is a complex number w such that the twisted representation \ |™ is 
unitary; if further H is algebraic it follows that w must be an integer.) Let us denote the set of all pure 
dominant integral weig hts by X+{T). If we start with a primitive holomorphic Hilbert modular form, as 
will be the case in the latter part of the paper, then this condition is automatically fulfilled; however, from 
the perspective of cohomological automorphic representations, the purity of the weight fi is an important 
condition to keep in mind. 

3.1.12. Pinning down generators for the cohomology class at infinity. Let H G Coh(G', /i"). Say, /i — 
{fii, . . . , fin), and each fij = {aj,bj). The space H"{gao, K^;Iloo €5 EJ^^) is acted upon by Kao/K^. It 
follows from the Kiinneth rule (Borel-Wallach [S} 1.1.3]) and 13.1.91 that every character of Koo/K^ appears 
with multiplicity one in H"{qoo, K^;Iloo ® E^). Fix such a character e — (ei,...,e„) of Koo/K^. The 
purpose of this (somewhat tedious) paragraph is to fix a basis [noo]"^ for the one-dimensional vector space 
H'^{Qoo,KI^;IVoo ® EJ^){e). (See (1531) below, especially when e = {+,..., +).) Since Kiinneth gives: 

71 

H^Q^, K°^; Hoo El){e) = (g) H\Ql„SO{2)Z2m°; ® i?;^.)(e,), 

i=i 

it suffices to fix a basis [11^]'^^ for the one-dimensional H^{gl2, SO(2)Z2(K)°; Ilj (g) £'^^)(ej) and let 

n 

[noo]^-(g)[n,]^^ 

i=i 
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We now proceed to fix [HjY^ ■ Since we are working with only one copy of GL2(M), let us omit the subscript 
j and slightly change our notations: Let v ~ [vi, V2) G X^{T2) be a dominant integral weight for the diagonal 
torus T2 (R) in GL2 (M) , and the corresponding finite-dimensional irreducible representation of GL2 (C) of 
highest weight v. Let S w D^,^_^^+i ® \ |('^i+'^2)/2_ Yoy any choice of sign in {±} := (0(2)/SO(2))~ with + 
or — being the trivial or nontrivial character of 0(2)/SO(2) respectively, we will fix a 1-cocycle [S]^ so that 

For any integer m > 1, let E„i be the (m— 1)*'' symmetric power of the standard (two-dimensional) repre- 
sentation of GL2(C), i.e., E^ = Sym™^^(C^). The representation Em is irreducible and has dimension m. 
Denote the standard basis of by {ei, 62}, which gives the 'standard' basis {e™~"^, e™~^ei, . . . , e™~^} for 
Em- This basis will be denoted as {so,Si, . . . ,Sm_i}, i.e., Sj = e\e^~ The finite-dimensional irreducible 
representation E^ of GL2(C) with highest weight v is E^ ^ E^^_^^+i (g) def"^ = Sym^i""^ (C^) ® det''^ By 
restriction, E^, is also a representation of GL2(M). The central character of E^, is given by a H> tOuia) = 
0^1+^2 fQj. g\\ a g R*. The contragredient representation of E^ is denoted one has — E^^, where 

= {—1^2,— 1^1) is the dual weight of ly. Explicitly, E'^ ~ E^^-^^+i ® det~'^\ We will need information on 
the restriction of E"^ to various subgroups. 

In either of the representations Ei, or E^^ , the action of the diagonal torus in SL2 on the basis vectors is 
given by ( * ) Sj = t^'^^+'^^+ajg^. jjence, the standard basis realizes the weights: 

{-(i^l - V2), -[Vl -V2) - V2}- 

In particular, the highest weight vector of E,yi is given by CjJTv := Sj/^-^^ = e^'^"^. Observe that the standard 
basis gives a Q-structure on E^. 

The restriction of E^ to GLi(M) ^ GL2(R) is described by ( q 5 ) Sj — P^^^sj. From this we easily deduce 
the following lemma which will be of use later on; see 13.3.51 below. 

Lemma 3.3. Let 1 denote the trivial representation o/GLi(R). Then 

HomGLi(R)(£^r, 1) 7^ ^ i^i > > i.2. 

In this situation, IIomGLi(R) (^'J^i 1) *s one- dimensional and a nonzero T G HomGLi(R) (^'J^i 1) given by 
projecting to the coordinate corresponding to s^^, i.e., 

1/ 1 -i/ 2 

Proof. This is easy to verify and we omit the proof. Let us mention that this is a special case of well-known 
classical branching laws from GL„(C) to GL„_i(C); see Goodman- Wallach [17]. □ 

The S0(2)-types of E^, as well as iJJ^, are given by: 

where, for any integer n, 0„ is the character of S0(2) given by 6n{r{t)) = e^™*, for all r{t) — ^osV) 
S0(2). It is necessary to fix an ordered basis giving the above decomposition. Let {wi, W2} denote the basis 
for which diagonalizes the SO(2)-action: 

Wi = ei + 162, W2 = iei + 62; 

it is easily verified that 

r(t)wi = e~**wi = di{r{t))\Ni, r(t)w2 = e'*W2 = 6'_i(r(i))w2. 
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The ordered basis {wj^ ''^ , '^'^ wi , . . . , w^'^ } of E"^ realizes the above decomposition of E"^ into its 

9 



if- types. Let wjv = wj'^ be the basis vector reahzing the highest non- negative iiT-type in E'l, i.e., 



similarly, the lowest if-type is realized by w^v = '^'^ . In terms of the standard basis: 



(ei + ie2)'' 



V1-V2 



a 



(3.4) 



a=0 



For a dominant integral weight v = [vi, 1/2), and for n « £'1/1-1/2+1 ® I using the exact sequence 

we deduce that the S0(2)-types of S are 



• • • © 0_(,/i_i/2+4) ffi 6'_(,,j_,,2+2) ffi (nothing here) © 0y^-y^+2 © 6',/i-,/2+4 © ■ • • 
The missing ii'-types in (nothing here) correspond exactly to the ii'-types of E^^. Let 4'±(ui-u2+2) be vectors 
in S with if-types ^±(1/1-1/2+2)1 respectively. The vectors in S = Dy^-u^+i ® \ |('^i+'^2)/2 identified 
with vectors in the induced representation Ind^^ (x(i/i.i/i) | |^^^ ® X(i/2,i/2)l 1^^^^) which is the middle term in 
the exact sequence p.2p . In particular, we may and shall normalize them as 

0±(i/i-i/2+2)((?,?)) = l. 

Recah that (02, i^") := (0[2(C), SO(2)Z2(K)") and let = S0(2). The cochain complex 

C :=Hom;^o(A'fl2/«2,S »£;;:) 

computes (32, ^''^2)"Cohomology of S (g) E^^. Since the central characters of S and E^ are equal, this complex 
is same as Hom^i (A*g2/t2, 5 ® E^). It is easy to see that 02/42 = ^2 © 6-2 as a i4r2"™oclule: let {zi, Z2} be 
the basis for 32/^2 given by: 

' 1 i \ . f I -i 



it is easily checked that 

Ad(r(i))(zi) = e-2"zi = ^2(^(^)21 and Ad(r(t))(z2) = e2"z2 = (?-2(r(i))z2. 
From the description of i^- types of S and E^ we see that — for all q ^ 1, and 

= Hom^i(6'_2 © 6*2, S ©£:;;)« C2. 

Fix a basis {/-2, /2} for this two dimensional space as follows: /_2 picks up the vector (/)_i.j+^2_.2 © w^v 
realizing the character 0_2; similarly, /2 picks up the vector © w~v realizing the character 62- More 

precisely, 

/-2(zi) = 0, /-2(Z2) = 0-1/1+1/2-2 © W+ , 

/2(zi) = 0j.,_^2+2 © W^v, /2(Z2) = 0. 

Since = Hom^o (^2/^2, 2 © i?)^) ~ ((02/^2)* © S © El)^° we can transcribe these expressions for f±2 as 
follows: Let {z5;,Z2} be the basis for (02/^2)* that is dual to the basis {zi,Z2} for 02/^2- Then 

/_2 = Z2 ® </'-'^i+i^2-2 © w+v, and /2 = Zi © (/),,i_,,2+2 © w;"„. 

To summarize we have: 

H\g2, Kl; ^®El)= Hom^o(Ai02/«2, ^®El) = ((02/«2)* © 5 © El)''" = C/-2 © C/2 

with explicit expressions for f±2 as relative Lie algebra cocycles. 
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To identify the class [S]^, a generator for the one-dimensional space H^{q2, K2; S (g) E]^){±), we need to 
know the action of the element S ^ i oi) which represents the nontrivial element in K2/K2. Recall that 
the action of 5 on any / G Hom/^-o {/\^Q2/^2, 2 ® E^) is given by 

(5/)(z) = (s®i?::)(5)(/(Ad(<5-i)z)). 

Lemma 3.5. The action of 5 on f±2 is given by 



-V1+V2 - 

aiiu UJ2 — 

1± — 



6 1-2=1"'-"'- 12, and 5f2=i-"'+"'f-2- 



In particular, 5 acts by ±1 on the cocycle [^] := /2 ± ?' '^^^'^^/-2- 
Proof. The proof is routine; here are some useful relations: 

Ad(rl)(zi) = Z2, 

□ 



Let W(S) denote the Whittaker model of S with respect to a nontrivial additive character ipR of E; which 
we recall from l2.8[ is taken to be a; H> i{}r{x) ~ g-27ria;^ p^j, ^^y. g let A = denote the corresponding 
Whittaker vector. The cohomology class [S]^ which generates ff ^(02, K2' ® i?^)(±) is explicitly given 

by 



Zl 



A^, -i.,+2 (8) w„v ± i 



-iui-U2+2) 



La ^ 



Using (|3.4p we can also express this class as: 
(3.6) [S]^ = E E 

!=1 a=0 

where 

Let us now go back to 11 e Coh(G, fi^) and write down [noo]++ explicitly, where ++ is short for (+, . . . , +). 
Since 

n 

[noo]^ = (g)[n,]+ 

we will tensor over j the class [nj]"*". 
Let {s 

j,Oj . . . , Sj^aj—bj } denote the standard basis for the representation E^, . Let a — (q!i, . . . , a^) be 
an n-tuple of integers such that < < Oj — bj . Let 

Set = ■ 

Then the set {Sa}a, as a runs through all n-tuples as above gives a basis for EJ^. Next, let Z = (^i, . . . , Z„) 
be an rt-tuple of integers such that Ij G {1,2}. For each such I, put 

<-®;LiZ*,^, 

where for each 1 < j < n we let Zj^i = zi and Zj^2 = Z2 as elements of 0(2 = Lie(GL2(F,,^ )); and as before 
z* is the corresponding element in the dual basis. For each 1 < j < n, and aj as above, let 

, _ f 1^1 - l^2\ -a \ , _f^l-^2\.-a\ 
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and for any I and a put 
We have the fohowing expression 
(3.8) 



[Hoo]^ = (g)[n,]+ = (g) E E ^Ih ® ® 

j=i i=i 



Interchanging the tensor and the summations and regrouping we get 
(3.9) 



[noo]++ = E E ® ^'^"'^ ® 

l — {li,...^ln) a—{a-i,...,an) 



which is our chosen generator of the one-dimensional space i?" (floo , ; IIoo ® (- 
as a i^oo-fixed element of 

(floo/U)* ® w(noo, V-oo) ® 



-) and is expressed 



3.2. Periods and period relations. 

3.2.1. Action o/Aut(C) on global representations. The following theorem is due to Harder |18] and Wald- 
spurger [41] for GL2 over any number field (although we state it only for our totally real base field F). It 
was generalized to GL„ over any number field by Clozel [71. We have adapted the statement from Clozel's 
and Waldspurger's articles. In a classical context of Hilbert modular forms it is due to Shimura [37]; see also 
Garrett [HI Theorem 6.1]. 

Theorem 3.10. Let 11 &e a regular algebraic cuspidal automorphic representation. For any a € Aut(C), 
define an abstract irreducible representation "^11 = ^^'^Ily of GLi2{Ap) as follows: 

• For any finite place v, suppose the representation space of n„ is Vy, then pick any a -linear iso- 
morphism Ay : Vy ^ Vy, and define '^n„ as the representation of Gh2{Fy) acting on Vy by 
'^Ily{g) — Ay o 11^,(9) o A^^ . The definition of "^Ily is, up to equivalence, independent of all the 
choices made. 

• For V e ^oo, define "^Ily :— Il^-iy, i.e., ('^n)oo = ^r/H^.-io^ where rj runs through the set Hom(i^, C) 
of all infinite places of the totally real field F. 

Then ""11 is also a regular algebraic cuspidal automorphic representation. The rationality field Q{Ilf) , which 
is defined as the subfield of C fixed by {a : '^(11/) ~ 11/}, is a number field. For any field E containing 
Q(ny), the representation Wf of Gh2{Apj) has an E-structure that is unique up to homotheties. 

(Note that the above action is a left-action, i.e., '^'^11 — °'('^n).) Suppose a fixes 11/ for a representation 
n as in the theorem above, then by the strong multiplicity one theorem, cr fixes 11; which justifies a change 
in notation: Q(n) instead of Q(n/). 

3.2.2. Periods. We now look closely at the assertion that 11/ has an i?-structure. On the one hand, a 
cuspidal automorphic representation 11 of GL„(Ai?) admits a Whittaker model, and these models carry a 
natural rational structure. On the other hand, if 11 is regular and algebraic, then it contributes to cuspidal 
cohomology and from this arises a rational structure on a cohomological realization of 11. One defines 
periods by playing off these rational structures against each other. (Another word for these 'periods' might 
be 'regulators', as the definition our periods is very close in spirit to Borel's regulators [2].) The rest of 13.21 
is a very brief summary of Raghuram-Shahidi |34j . 

As a matter of definition/notation, given a C- vector space V , and given a subfield i? C C, by an _E-structure 
on V we mean an i?-subspace Ve such that the canonical map Ve ®eC ^ V is an isomorphism. Further, if 
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y is a representation space for the action of a group G, then we wiU need Ve to be G-stable. Fixing an E- 
structure gives an action of Aut(C/£^) on V, by making it act on the second factor in V — Ve Having 
fixed an i?-structure, for any extension E' / E, we have a canonical £"-structure by letting Ve' —Ve®e E' . 

3.2.3. Rational structures on Whittaker models. Recall from [Z8l that we have fixed a nontrivial character 
= V'oo ^ "0/ of F\Af. Let yV(n, V') be the Whittaker model of 11, and this factors as W{Il,'ip) = 

W(noo, V'oo) (8) W(n/, -0/). There is a semi-linear action of Aut(C) on W(n/, ipf) which is defined as follows. 
(See Harder [Ml pp.79-80].) Consider: 

Aut(C/Q) ^ Gal(Q/Q) ^ Gal(Q(^i^)/Q) ^ Z"" ^Up^^ C UpUpipO^ 

where the last inclusion is the one induced by the diagonal embedding of into Hpip'^p'- element 
ta at the end can be thought of as an element of A^^. Let [t'^^] denote the diagonal matrix diag(tg:^,l) 
regarded as an element of GL2(Aj?j). For a G Aut(C) and W G W{Ilf,ipf), define the function ""W by 

''Wigf) = a{W{[t-']gf)) 

for all G GL2(Ai?j). Note that this action makes sense locally, by replacing by io-^p. Further, if Hp is 
unramified, then a spherical vector is mapped to a spherical vector under a. If we normalize the spherical 
vector to take the value 1 on the identity, then a fixes this vector. This makes the local and global actions 
of a compatible. 

Lemma 3.11. With notation as above, W i— > "^W is a a-linear GLi2{AFj)-equivariant isomorphism from 
W(Jlf,'ipf) onto W{'^Ilf,'ipf). For any finite extension E/Q{Ilf) we have an E-structure on W{Ilf,ipf) by 
taking invariants: 

Proof. See Raghuram-Shahidi |34[ Lemma 3.2]; it amounts to saying that a normalized new- vector generates 
the i?-structurc obtained by taking invariants under Aut(C/i?). (It helps to keep Waldspruger's [JT] Lemme 
I.l] in mind.) Later, we will work with some carefully normalized new-vectors; see 13.3.11 below. □ 

As a notational convenience, when we talk of Whittaker models, we will henceforth suppress the additive 
character ip, since that has been fixed once and for all; for example, W(Hj) will denote yV{Ilf,tpf). Next, 
W(H/)o wiU denote the Q(H)-rational structure on >V(H/). 

3.2.4. Rational structures on cohomological representations. Let /i G Xq{T) and H G Coh(G,/i"). For any 
character e of 7ro(Goo), the cohomology space H^{Qoot K^-^Vn ® £'^)(e), which as a representation of the 
group 7ro(Goo) x G{Kfj) is isomorphic to e(g)H/, has a natural Q(H)-structure which may be seen as follows. 
Consider the following diagram: 

H^{Q^,Kl,-Vn®El){e) ~ e®H^ 

i ; 

iJ"(0„„i^^;Ausp(G(F)\G(A))®£;;) ^ H^^,^{S^,£l) 
i i 

where all the vertical arrows are injections induced by inclusions. Indeed, the rational structures on all the 
above spaces come from a rational structure on the Betti cohomology space on which it is easy to describe 
an action of Aut(C)-see Clozel fT. The point is that cuspidal cohomology admits a Q(/x)-structure which 
it inherits from 'the' canonical Q(/Lt)-structure on Betti cohomology H^{S'~^ , E'p. (By Q(/x) we mean the 
subfield of C fixed by {a : " fi ^ fj,}, where the action of a on /i, or any quantity indexed by the infinite places 
^oo, is via permuting these places, exactly as the action of Aut(C) on Hoo described in Theorem l3.10n Since 
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e (g) 11/ ~ i/"(0oo, K^; Vn ® E^^){^) is a Hecke eigenspace (i.e., is an irreducible subspace for the action of 
T^o{G.oo) X G{Kpj)) of cuspidal cohomology, it follows that this eigenspace admits a Q(n)-rational structure. 

3.2.5. Comparing Whittaker models and cohomological representations. We have the following comparison 
isomorphism Tf^, which is the composition of three isomorphisms: 

where the first map is Wj ^ Wf (g) [IIoo]^ for all Wf G W(n/) with [noo]*^ being the generator (as in l3.1.12p 
of the one-dimensional space H"-{qoo, K^;W(noo) EJ^){e); the second map is the obvious one; and the 
third map is the map induced in cohomology by the inverse of the map which gives the Fourier coefficient 
of a cusp form in T^n-the space of functions in ^cusp(G(i^)\G'(A)) which realizes 11. 

3.2.6. Definition of the periods. The isomorphism JF^ need not preserve rational structures on either side. 
Each side is an irreducible representation space for the action of 7ro(Goo) x G{Afj) and rational structures 
being unique up to homotheties (by Waldspurger |4H Lemme I.l]), we see that we can adjust the isomorphism 
J-^fi by a scalar-which is the period-such that the adjusted map preserves rational structures. Let us state 
this more precisely: 

Let n = Hf^Hoo be a regular algebraic cuspidal automorphic representation of GL2(Ai?). Let /i G Xq{T) 
be such that 11 G Coh(G', /i^). Let e be a character of Koo/K^- Let [Hoo]'^ be a generator of the one 
dimensional vector space i/"(goo, if^, IIoo (g) E'^){e). To such a datum (IIj, e, [noo]*^), there is a nonzero 
complex number p'^(n), such that the normalized map 

j-^^o :=p^(n)-ij-^ 

is Aut(C)-equivariant, i.e., the following diagram commutes: 

WiHf) ^ H^{9oo,Kl; Vn ® E;){e) 



The complex number p'^(n), called a period, is well-defined only up to multiplication by elements of Q(n)*. 
If we change p^(n) to ap^iU) with a a G Q(n)* then the period p'^C^U) changes to cr(a)p"^ C^n). 
In terms of the un-normalized maps, we can describe the above commutative diagram by 

(3.12) V p'^("n) j-^-n"^- 

3.2.7. Period relations. The following is the main result proved in Raghuram-Shahidi 34 , but stated below 
for our context of GL2 over a totally real F. Let /i G X(^(T) be such that 11 G Coh(G', /i^). Let e be a 
character of Koo/K^. Let ^ be an algebraic Hecke character of F with signature which is defined as 
follows: any such ^ is of the form ^ = | | ™ g) for an integer m, and a finite order character then 



For any a G Aut(C) we have 



e« = (-ir(C(-i)'---'C(-i))- 
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The action of Aut(C) on e is via permuting the infinite places. Define Q(^) as the field obtained by adjoining 
the values of and let Q(n, ^) be the compositum of the number fields Q(n) and Q(^). We have 

By ~Q(n.5) mean up to an element of Q(n,^). 
3.3. Proof of Theorem [HU 

3.3.1. Normalized new vectors. We now show that local new-vectors when normalized appropriately give a 
very explicit element in the rational structure W(n/)o of the (finite part of the) global Whittaker model. 

Recall from 12.81 our choice of additive character tp. Pick an element dp & Op such that ordp(di;-) ~ rp ~ 
ord{Dp); this is possible by strong approximation. Now define a character -0' by ip'{x) = 'ip{dp^x); then it is 
trivially checked that ■i/'p has conductor Op for all prime ideals p. We have a map yV(ny,'0^) — )■ ^(nfjtpf), 
given by W'j n- Wf where 

' dp 



Wf{g) = W'f 



1 



This also makes sense locally: Wp{gp) — Wp ((^gf gp), where, by dp, we mean dp as an element of Fp 
A Whittaker vector WL is completely determined by the function on F* 



<l>'p{xp):^W; 



Xp 
1 



i.e., the map Wp ^ 0p is injective. (See, for example, Godement [THl Lemma 3 on p. 1.5].) The set of all 
such functions Kp is the Kirillov model IC{Ilp,ipp). Working in the Kirillov model IC{Ilp,tpp), we have the 
following explicit formulae for new- vectors taken from Schmidt j36[ p. 141]. For each representation Hp we 
have a very special vector Kp°^ € /C(np,-!/)p) that is the local new- vector in that model. Since the table 
consists of purely local information, we will abuse our notation by dropping the subscript p. 

(1) Principal series representation 7r(xi,X2)j with XI1X2 unramified, and XiX2^ I 1^^- Then 

«P(x) = Ni/M Yl Xi(n7')X2(tn') j lo(x). 

(2) Principal series representation 7r(xi, X2) with exactly one of the characters being unramified; say xi 
unramified and X2 ramified. Then 

<-(x) = \x\'^\iix)lo{x). 

(3) Unramified twist of the Steinberg representation: St Cg) x with x unramified. Then 

<*(x) = \x\x{x)lo{x). 

(4) In all other cases (principal series 7t{xi , X2) with both xi , X2 ramified; ramified twist of the Steinberg 
representation; any supercuspidal representation) we have 

K^^-{x) = lo^{x). 

Let M/p"™ e W{Tlp,i)'p) correspond to k;;™, and finally we let W° £ W(np,V'p) correspond to W'^""" . 
That is we have: 

(3.13) o l^p"™ o nf-". 

We will also denote Wp by , and observe that 
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Proposition 3.14. Let II be a cuspidal automorphic representation o/GL2(Ai?). For each prime ideal p, 
let Wf^^ he the normalized new-vector as defined in h3.13\) of the representation Hp which is realized in its 
Whittaker model WiHpjipp). For any a G Aut(C) we have 

LetW° = ®pW^^ GW(n/,V'/). ThenW° is fixed by Aut{C/Q{U)), and hence W° e W (II f ,iPf)o. 

Proof. To see '^M^n^ — W°u^ , it suffices to check that both Whittaker vectors give the same vector in the 
Kirillov model; which is then verified using a case-by-case analysis using the above table. 

Suppose Hp is an unramified principal series representation, and say, Hp = 7r(xi,p, X2,p) for characters 
Xj,p : F* C*. Let us describe Tip. For this, given any character x of F* , and any a G Aut(C), define '^x 
as (T o X, i.e., "^xi^) = '^(xi^))- Define a twisted action of cr G Aut(C) on characters by: 

'^xi^) = |xri/v(x(x)|x|i/2). 

As is checked in Waldspurger [5TJ 1.2], we have 

''7r(xi,p,X2,p) = 7r('^xi,p/X2,p)- 
On the one hand, using the formula for kJJ™ for Hp — 7r(xi.p, X2,p) we have: 

= a [ |dpi->p|i/2 j j Xo,(Apt-lxp) 

= cT(|dpXp|i/2) a(xi,p(tn'=)x2,p(tn')) lop(dpxp) 

\fc+i=rp+i;(x) / 

since t^-.p £ Op. On the other hand, using the same formula for Kp''", but now for the representation 
"^Hp = 7r('''xi,p,'^'x2,p) we have: 

^'^^ \\ (} I )) ~ "^-np (^(^ 1 

= \ApXp\^lA "Xi,p(^')"X2,p(tn') I lop(dpXp) 

\ fc+;=rp +ti(x) 



ApXp\^l\ 



''^T'' \ Y cr (xi,p(^^'')X2,p(^i7')|n7pr^2*°") lo^(dpa;p) 

yfc+i=rp+-u(2;) / 



Using |tup| ^2' ' — jdpXpl^/^ the final expression also simplifies to 



a(ldpXpli/2)( Y a(xi,p(t^'=)x2,p(tn')) I lopldpxp). 

fe+(=rp+ti(x) 
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This concludes the proof in the case of an unramified principal series representation. In all the other cases, 
the above calculation is much simpler. Let us note that in the case of the Steinberg representation one has 
""(St (E)x) = St(S) "x- We omit further details. □ 



3.3.2. The global integral. Let 11 be a cuspidal automorphic representation as in Theorem 1 1.2 1 Piece together 
all the normalized Whittaker vectors in 13.3.11 and let W° = ®pW^. For each infinite place rjj pick any 
Whittaker vector Wj G W(n^^ , t/j^J, and put W^o = Now put 

w ^Woo®w° £ w(noo) ® wiiif) = w(n). 

Let G Vn be the cusp form that corresponds to W under the isomorphism Vu — ^ yV(n) of taking the 
T/i-Fourier coefficient. For any place w, and any Wy G yV(n„), define the zeta-integral 

Hecke theory for GL2 (see Gelbart [131 Section 6] ) says that these integrals have a meromorphic continuation 
to all of C. The assumption that s = 1/2 is critical for L(s,n) says that C,r|{\^ W^r;) is finite for every infinite 
place 77. Lastly, let Coo(s, Woo) = Ylrjes^ (vi^^ ^v)- 

Proposition 3.15. With the notations as above, 



X 




J ^)dx = Coo(i/2,t^oo)i/(i/2,n). 



Proof. The usual unfolding argument gives 



The integral on the left converges absolutely everywhere (since </> has rapid decay) . The integral on the right 
converges for 5R(s) » 0, and there it is eulerian, and so factorizes as Yl^ (v{s, Wy). For every prime ideal p, 
we know that the zeta-integral of the local new vector gives the local L-function; more precisely, we have 

We deduce that for 5R(s) ^ we have 

where 0^ is the absolute discriminant of F. However, the left hand side converges for all s, and the right 
hand side has a meromorphic continuation for all s, and so we can evaluate at s = 1/2 to finish the proof of 
the proposition. □ 

3.3.3. The cohomology class i^n attached to W-^. Consider the map 
as in 13.2.51 and let liu be the image of under this map, i.e.. 

Fix an open compact subgroup Kj that leaves invariant; an optimal one is related to the conductor of 
n, but this will not play a role here. From [?7l.l[ we have 
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It is a fundamental fact (see Clozel j7j) that cuspidal cohomology injects into cohomology with compact 
supports, i.e., 

Therefore 

Recall that map is a composition of three isomorphisms, and the first one maps to ® [IIoo]^, 
where the class [IIoo]^ is given in (13. 9p . Using an analogous notation, we may write the class "du in terms 
of Lie algebra cocycles as 

(3.16) 7?n = X! 2*1 (S)(t>i,a(^Sa 

l—[l-i,...,ln) oi—[a-i,...,an) 

where 0/_q G Vn are cuspforms whose corresponding Whittaker functions in W(n) = W(noo) ® VV(n/) are 

For later use, let us record the action of Aut(C) on i^n which is given by the following 
Proposition 3.17. 

Proof. This follows from Equation (|3.12p and Proposition l3.14l 



□ 



3.3.4. Pulling back to get a GLi-cZass i*'&n- Let t : GLi — )■ GL2 be the map a; M- (^ x)- Then /, induces a 
map at the level of local and global groups, and between appropriate symmetric spaces of GLi and GL2, 
all of which will also be denoted by l again; this should cause no confusion. The puUback (of a subset, a 
function, a differential form, or a cohomology class) via t will be denoted l* . A little more precisely, l induces 
an injection: 

L : GUiF)\GU{AF)/L*K^L*Kf ^ Gh2iF)\GL2iAF) / K^^K f . 
Note that 6*Koo = {1}, and let us denote Rf := L*Kf which is an open compact subgroup of Ap ^. The 
above injection will be denoted t : S'^^. ^ S^^ , where 

As a manifold 5'^^ is an oriented n-dimensional manifold all of whose connected components are isomorphic 
to rij^i ^>o- (Choose the obvious orientation on each connected component.) It is a standard fact that this 
inclusion t : ^ S^^ is a proper map, and hence we can pull back i?n £ H^lS^^jSJ^) by i, to get 

where l*£'^ is the sheaf on given by the restriction of the representation EJ^ to GLi via c. 



22 



A. RAGHURAM AND NAOMI TANABE 



3.3.5. Criticality of s — 1/2 and the coefficient /i. We now appeal to the hypothesis that s = 1/2 is critical 
to deduce that we can work with cohomology with trivial coefficients, i.e., in 77"(S'^^,C). For this, let us 
first record all the critical points for the i-function at hand: 

Proposition 3.18. Let 11 G Coh(G,/i^), with /i G Xfl{T). Suppose /i = (/ii, . . . , where /ij — {aj,bj) 
and aj > bj . Then 

s = — +m(lz— +^is critical for L{s, H) —aj < m < —bj, Vj. 

Proof. Recall the definition (as stated, for example, in Deligne jOj) for a point to be critical. If we are 
working with an i-function for GL„ then the so-called motivic normalization says that critical points are 
in the set + In our situation, we would say s = sq E ^ + Z is critical for L(s, H) if and only if 
both Loo{s, Hoo) and ioo(l — s, 11^) are regular at s = sq, i.e., the L-factors at infinity on both sides of the 
functional equation do not have poles at s = sq. (Automorphic i-functions are always normalized so that 
the functional equation looks like L{s,U) = e{s,lV)L{l — s,n^).) 
Given H G Coh(G,^^), we know from EHH] and [3T9] that 

Since Di is self-dual, we also have 

Using the information in 13.1.41 on the local factors for GL2(M), and ignoring nonzero constants and expo- 
nentials (which are irrelevant to compute critical points) we have: 

ioo(s, Hoo) ~ nr(s + ^ + ioo(l - ^ []r(l - ,S + i - 6,). 

j 3 

Hence, Loo(s, Hoo) is regular at + to if and only if m -I- Oj > 0; similarly, ioo(l ~ s, n^) is regular at ^ -I- to 
if and only if — m — bj > 0. □ 

Corollary 3.19. Let H G Coh(G, /i^), with n G Xq{T). Suppose fi — (/ii, . . . , /i„) where /ij = (aj, bj) and 
o-j ^ bj. The center of symmetry s — 1/2 is critical if and only i/ HomQLj(j7^) (i?^, 1) 7^ 0. 

Proof. Follows from the above proposition and Lemma 13.31 □ 

3.3.6. The cohomology class T*L*i)Yi with trivial coefficients. When s = 1/2 is critical, let us let 

rGHomGL,(^^)(£;;,l) 



be the nonzero element as prescribed by Lemma 13731 Since everything factors over infinite places, we can let 
T = ®"=i73 , with Tj G HomGL^(p'^^ )(£'^^. , 1). The map T induces a morphism of sheaves on the space S^^ , 
and by functoriality, a homomorphism 

r*:ffr(5g;,^*f;)^ffr(5g;,c). 

The image of the class i*i?n under T* , expressed in terms of relative Lie algebra cocycles, is given by: 

(3.20) r*L*'du^ ®i*(t>Lo.®T{So,)= ®l'*<t>l,a 

...,;„) a=(ai,...,Q„) l=(h,...,l„) 

where a = (oi, . . . , a„). This follows from p.l6p and Lemma 13.31 

Since the map T is defined over Q, as after all the standard basis for E"^^ gives it a Q-structure, the 
morphism T* is rational, i.e, for all a G Aut(C) we have 

(3.21) cr o r* = r* o 

Observe that T*i*'du is a top-degree compactly supported cohomology class for S^^^ ■ 
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3.3.7. Top-degree cohomology with compact supports. Let us recall some basic topological facts here. Let AI 
be an oriented rt-dimensional manifold with h connected components, indexed by v with 1 < v < h. Then 
Poincare duality implies that 

(See, for example, Harder [T9', 4.8.5].) The map is integration over the entire manifold with some chosen 
orientation; for each connected component you get a complex number. Now let us add these numbers to get 
a map -d i-> 

Jm 

As explained in Raghuram [351 3.2.3], such a map given by Poincare duality is rational, i.e.. 



(3.22) 




3.3.8. The main identity. Recall that T*i*'&n G i?"(S'^^,C) is a top-degree compactly supported cohomol- 
ogy class. We can integrate it over all of S*^^ . The main technical theorem needed to analyze the arithmetic 
properties of the special value L(l/2,n) is 

Theorem 3.23. 

Jso^ " (4i)"vol(i?^) ' ^ > 

where 

([n^]^)= Coo(l/2,W^i,a,oo). 

i=(ii,. ..,;„) 

Proof. Recall that ([3^ gives 

i=(ii, ...,;„) q=(qi,...,q„) i=(h,...,i„) 

We will identify the terms t*Z;*. Consider just one copy of GLi(R) sitting inside GL2(M) via i. Let ti :— 1 
be a basis for Qi — C. (Fixing ti is tantamount to fixing an orientation on E>o = GLi(R)°. Taking all the 
infinite places together, this will be fixing an orientation on each connected component of Sj^\) Note that 

t(ti) = ^(zi+Z2 + (o2)). infl2, 
= ^ (zi + Z2) , in 02/^2, 
hence t*Zj = t*Z2 = ^t^. Applying this to each infinite place, we see 

where t^ i is the element ti for the infinite place rjj. 



24 



A. RAGHURAM AND NAOMI TANABE 



Using the fact that 4>i^a is fixed by Kf which imphes that i*(j)i^a is fixed by Rf — l* Kf we get 



;=(ii,. ..,/„) 



1 



a; 



da; 



where the last equahty is due to ProDOsition l3.15l □ 
3.3.9. Archimedean computations. 

Proposition 3.24. Given 11 G Coh(G', /i^), wii/i /i = (/ii, . . . ,/i„) and fj,j ~ {aj,bj), we have 

where d^o — + 1)j '^'^'^ c is a nonzero integer (which is made explicit in the proof). 

Proof. To compute ([IIoo]^) = X]z=(ii i„) Coo(l/2, Wz^a^oo), let us begin by noting that each sunimand is 
a product over infinite places: 

n 

i=i 

where the Xj.i-^a, are as in p.Sp . We can rewrite the expression for ([IIoo]^) as 

n n 

^ nC..(l/2,A,,,.„J - n (C,,(l/2, A,.i,aJ +C,,(l/2,A,,2,a,)) . 
The j-th factor in the right hand side is the value at s = f/2 of the sum of two zeta- integrals: 

Ci)j (s, Aj,l^aj) + Crjj (s, Aj,2, ab- 
using the definitions of Cr; and ,a we get 

Recall that the integrals converge for 3Rs 0. In the second integral, using the fact that 5{\aj-bj+2) = 
i^"^ A_(aj _f)j+2): and changing variable from x to —x, we see that it is the same as the first integral. Hence 

It is well-known that the zeta-integral of 'the lowest weight vector' X(^aj-bj+2} gives the local L-factor 
L{s,Il^.), i.e., the local factor for the representation 11^^. = Daj-bj+i | (See, for example, 

Gelbart [121 Proposition 6.17].) Using the information on local factors in 13. 1.41 we get 

C, is, Xj,i,a,) + is, \,,2^a,) = 4 (^"' ^^^^ (27r) " ^ +''^- ) F + i + a,) . 
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The left hand side converges for 5Rs ^ and has a meromorphic continuation to all s, and in the right hand 
side the F-function also makes sense, after continuation, to all s; hence we can put s = 1/2 to get 

C,,.(l/2, A,,i,J +C.,(l/2, A„2,.,) ^')na, + l)^'^^■(2.)-(''^+l) = A^-^l-^(-irHi2m)-(^^+'\ 

Hence ([IIoo]^) = c (27rz)^'*°= i" where c is the integer: 

c = 4 



□ 

Let us note that a G Aut(C) acts on by permuting the infinite places; in particular. 

This kind of an explicit computation very quickly escalates in complexity when we go from GL2 to higher 
GL„. Indeed, there are many conditional theorems on special values of L-functions that have been proved 
under the assumption that a quantity analogous to ([Hoo]''"'') is nonzero. See, for example, Kazhdan-Mazur- 
Schmidt [l^, Mahnkopf [ig, or Raghuram [32] . 



3.3.10. Concluding part of the proof of Theorem \1.2\ We can now finish the proof as follows. Using Propo- 
sition |3211 in the main identity of Theorem 13. 231 we have 

L(i/2,n) 



^^•^^^ Js'^J*''*^'' ~ 4"vol(i?/) {2TTtr- ■ 

-"■/ 

Apply a G Aut(C) to both sides, while noting that c/(4"vol(i?/)) is a nonzero rational number, to get 

^ c ^^/ £(i/2,n )^ 

4"vol(i?/) ^ \ {2mY- 

Using (|3.22p . (|3.21l) . that a commutes with i* -since restriction of a class to a submanifold is a rational 
operation, and using Proposition 13.171 we get that the left hand side simplifies to 

I ^{p^m f 'j{p++m c L(i/2,'n) 





p++('^n) y^Gi p++('^n) 4"vol(i?/) (27ri)° 



where the last equality follows by applying p.25p for the representation '^H. Hence, we have 

'L(1/2,H)\ 'J{p++m c £(l/2,-H) 



4"vol(i?/) V (Sttz)''- J p++(<Tn) 4"vol(i?/) (27ri)''- 
The proof of Theorem 11.21 follows easily from this equation. 

3.3.11. Proof of Cor pilar v \l.S\ Let s = -i + me i + Zbe any critical point for L(s, H). Let us note that 

L(s + m,H) = L(s,H® I 1"). 

Hence 1/2 is critical for L(s, H ® \ |™). Now we apply Theorem 1 1.2 1 to the representation H (gi | |™. There is 
one nontrivial point to note, i.e., the coefficient system has changed. It is easy to see that 

H e Coh(G, =^ H I 1" e Coh(G, [pL + m)^), 

where, if = (/ii , . . . , /ij ) , with /ij = (a^ , 6j ) , then pi + m — (pLi+m, . . . , /ij +m), with /ij = {aj +m,bj +m). 
Hence the integer doo = d(Hoo) also changes: 

d(Hoo (g) I D = d(Hoo) + mn. 
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Further, let us note that the main theorem of Raghuram-Shahidi [34], applied to the special case when the 
twisting character is | j™, gives the period relation: 

p++(n(g) I I™) =j5(-i)"(++'(n). 

Note that twisting by a finite order character x of F^\Ap does not change the set of critical points. 
Corollary 11.31 follows by the period relations of Raghuram-Shahidi [34^ as recalled in 13.2.71 

4. HiLBERT MODULAR FORMS 

The purpose of this section is to write down an explicit correspondence between primitive holomorphic 
Hilbert cusp forms and cuspidal automorphic representations of the adele group of GL2 over a totally real 
number field F. The precise definitions and basic properties of Hilbert modular forms are discussed in 14.11 
In 14.21 we attach a cuspidal automorphic representation to a holomorphic Hilbert cusp form, and in 14.31 we 
show how to retrieve a classical cusp form from a representation of appropriate type. The rest of the section 
is devoted to proving the arithmetic properties of this correspondence as stated in Theorem 11.41 

4.1. Classical holomorphic Hilbert modular forms. 

4.1.1. Some more notations regarding the base field. Let be a totally real number field of degree n, O = Op 
the ring of integers in F, and n a fixed integral ideal in F. The real embeddings of F are denoted rjj with 
j — I, ■ ■ ■ , n, and we put rj = (ryi, • ■ • , rjn) with a fixed order of {rij}. With respect to this 77, F naturally sits 
inside R", and an element a in will be expressed as (ai, ■ • ■ , for (771(a), • • ■ , 77,1(0;)) to be considered 
as an element of M". We write F+ for all the totally positive elements in F. Let k = (fci, • ■ • ,kn) G Z", and 
a — (ai, • • • , an) G K". We write a'' to mean Hfe^i ^/ ■ 

Let h = hp he the narrow class number of F, and let {tj^y^^i be elements of Ap whose infinity part is 1 
and that form a complete set of representatives of the narrow class group. (See Section [^T^ for the details.) 

Put Xi, ^ ^ ^ and xj;, = ^ 1 ^ Here, t denotes the involution defined as 'A = wq *Awq^ , where 

t is transpose and wq = ^ ^ 

Let Fp be the completion of F at a non-archimcdean place p, and define a subgroup Kp(n) of GL2(Fp) as 

(4.1) Kp(n):=|f" ]]eGUiFp): -<^P+^P = Op, be^,\ 
^ ' ' \\c d J ^ ^' ceiXpSp, deOp, ad-bceO^ 

where rip and 5Dp are p-parts of n and the 'different' 2) of O, respectively, and put 

Ko(n) := \[ Kp(n). 

p<oo 

Then GL2(Af) affords a decomposition given as a disjoint union, 

(4.2) GUihp) - yjt^^GU{F)xZ' (GL+(Foo)Ko(n)) , 

with GL+(Foo) = GL+(M)". 

Define also a congruence subgroup r^(n) of GL2(F) for each v as 

a t-^b \ aeO, be 
i^c d I ' cenD, deO, ad - be e 



r.(n) 



We note that T^, (n) can be viewed as 

r,(n) = X, (GL+(Foo)Ko(n)) x'^ n GL2(F). 
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4.1.2. Hubert automorphic forms of holomorphic type. Let 7 — (71, • • • , 7„) be an element of GL2(M)", and 
write 7j — ( ) for each j — 1, - ■ ■ , n. Then 7 acts on f)" by 



7.Z = 



CiZi+rfi' 'CnZn+dn 

with z = {zi,--- , Zn) € t)". For a holomorphic function / on f)", an element 7 G GL2(M)", and k = 
{ki, - ■ ■ , kn) G Z", define 

flUliz) = det7'=/'j(7,^)"'/(7^) 

where j(7, z) — cz + d. 

Fix a character uj of (O/n)^, and let w be a character of Ap/F^ induced from uj. (See Section 14.1.51 for 

a b 



induced characters.) Then, we define a character of Ko(n) bycj^^ d J J ^ £^(0). We put A^fc(ry (n), cj) 

to be the space of Hilbert modular forms of weight k = (fci, • • • , fc„) with respect to T^(n), with a character 
w, by which we mean a space of functions fi, that are holomorphic on ()" and at cusps, and that satisfy 
fWkl = ^{l)f for all 7 G ri^(n) considered as elements of GL2(M)" on the left hand side. Let us note that 
it makes sense to apply Cj to T^in). A function in Mk{^v{^),^) has a Fourier expansion of the form: 

(4.3) /.(^) = ^a.(e)e2"«^ 

where e^'^*^^ = exp {2ni X]j=i ^i^j^ i ^'^'^ ^ runs through all the totally positive elements in t^O and ^ = 0. 

A Hilbert modular form is called a cusp form if, for all 7 G GLJ(F), the constant term of f\\kl in its Fourier 
expansion is 0, and the space of cusp forms with respect to r^(n) is denoted as iSfc(ri/(n), w). To have 
nonempty spaces of cusp forms SkiXvi^),^), assume henceforth that kj > 1. (See, for example, Garrett [T^l 
Theorem 1.7].) 

Choose a function G A^fe(r^(n), cj) for each t/, and put f = (/i,--- ,fh)- Using the decomposition 
given in (|4.2p . let us define 

(4.4) fijx^gooko) = (/^||/c5oo)(i)w/(fco)' 

where 7 G GL2(-F), goo G GLJ(Foo), fco G Ko(n), i = («,■■• , i), and w/ is a finite part of ui. The space of 
such functions f will be denoted as Mk{n,oj). In particular, if G 5fe(ri/(n), w) for all v, then f is called a 
cusp form as well, and we write as Sk{n,Lj) for the space of cusp forms in the adelic setting, i.e., 

h 

For any integral ideal m in F, there exist a unique G {1, • • • , /i} and a totally positive element ^ in F so 
that m = S^t^^O. Put c(m, f) = a^(^)^^'^/^ with a^{S,) being a Fourier coefficient of given in (|4.3p . This 
is well-defined because the right hand side of the expression is invariant under the totally positive elements 
in . For our convenience, set c(m, f ) = if m is not integral. 

4.1.3. Primitive form. Let f be a cuspform of weight k = (/ci, • • • , fc„), level n, with a character Cj. For each 
finite place p, let -ujp be a uniformizer for Op, and let us define the Hecke operator Tp by 



(Tpf)(5) = / f (gkj, 



UJ ^{kp)dkp 
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Suppose that p does not divide either n or D, then observe that Kp(n) — GL2(C'p), w|qx = 1, and that 
f is right Kp(n)-fixed. Therefore, it follows that 



(Tpf)(g)= / , X {{gh)dh 



Furthermore, decomposing the double coset Kp(n) ( i ) Kp(n) as a disjoint union of right cosets, 



Kp(n) 



(4.5) Kp(n) ^ ) Kp(n) = ^ ) Kp(n) U (^U^^o/p ( 

Hence, Tpf can be also described as the finite sum 

(«) (T,f)(.) = r(,(i E r(,,(-. « 

Now, we shall recall the definition of new forms from Shimura |37j . Let m be an integral ideal that divides 
n and is divisible by the conductor of w, and g G Sk{vn,ui). Let o be an integral ideal dividing m^^n that 
is generated by an element a G with a^o = 1- Define by the right translation of N(o)^'^''/^g by 

, . Such ga is an element in 5/j(atTi, ci3). The space iS^''^(n,a)) generated by all such ga is called 

the space of old forms. The space iS^^'^^(n, (D) of new forms is defined to be the orthogonal complement of 
iS^''^(n, a)) with respect to an inner product: 

h 



(f, g) := V , \ / Mz)g^{z)y'' dfi{z), 



;^^/.(rAf)")yrAft'' 
where dfi{z) = n"=i 

A Hilbert cusp form f in Sk{n, lj) is said to be primitive if it is a newform, a common cigenfunction of all 
the Hecke operators Tp, and normalized so that c{0, f) = 1. 

4.1.4. Remarks on primitive forms. We introduced the Hecke operators Tp for all the prime ideals p in 
the previous section. Now, define more generally the Hecke operators Tm for any integral ideal m. Let 
K = GL^(Foo) • Ko(n), where Ko(n) is as defined earlier. We also let 

(fa b\ aOp+np=Op, 6 G 

^'-\[ c d J "^^^^^^'^ ■ cGUpSp, dGOp 



and Y = (^GL2(Foo) • Hp Yp j n GL2(Aj.). 

The Hecke operator T,t, is given by T^ — KyK where the sum is taken over all the representatives 
y of the double cosets KyK with y G Y satisfying {det y)0 — m. Noting that each summand KyK can be 
written as a disjoint union Kj/K — U^Kj/j with the infinite part of yj being 1, we define 

(f|KyK) (5) = 5]c.'(y,)-if(.9yj), 

j 

where w'^^^ '^i'^n mod n). This definition coincides with the integral definition for all the 

Hecke operators Tp with respect to prime ideals p. 

Miyake proved that if two newforms f and g are common eigenfunctions for Tp and share the same 
eigenvalues for almost all prime p, then f and g are a constant multiple of each other. In particular, if they 
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are normalized, we have f = g. Furthermore, if a newform f is normahzed and a common eigenfunction for 
Tp for aU p not dividing n, then it is an eigenfunction for aU Tm and its eigenvalue is N(m)c(m, f). (See [29] 
and [37J.) 

Suppose f = (/i, . . . , fh) is a primitive form. One may ask whether f is determined by any one of its 
components In general this is not true. For example, take x to be a non-trivial character of the narrow 
class group, and put g = f €5 x, i.e., for any x G G(A), g(x) = f (a;)x(det(x)). Using (|4.4p it is trivial to 
check that gi = fi, however, in general f 7^ g. After we prove the correspondence f ^ n(f), it will follow 
that n(f €5 x) = n(f ) eg) X, and so if n(f ) admits a self-twist, then the twisting character must be quadratic, 
and n(f) has to come via automorphic induction from the corresponding quadratic extension of F, and in 
general this would not be the case for a given f . On a related note, one can make an interesting observation 
based on a refined strong multiplicity one theorem due to Ramakrishnan [35j : suppose, f and g are primitive 
forms, and suppose fi, — for all v except, say, v — vq. This means that c(p,f) — c(p,g) for all prime 
ideals p whose class in the narrow class group is not represented by , or in other words, c(p, f) — c(p, g) 
for all prime ideals p outside a set S of finite places with Dirichlet density 1/h. (See, for example, Koch 
|25i Theorem 1.111].) It follows from Ramakrishnan's theorem that if the narrow class number is sufficiently 
large {h > 8 will do) then necessarily f = g. 

4.1.5. Some notes on the various characters. Fix a character w of (O/n) "' . We "lift" it to a character w of 
Ap/F^ as follows. Write Ap/F^ as a disjoint union 

A^p/FX^[jt.F^,Y[o;, 

v=l p<oo 

where {tjj} are taken to be a set of representatives of the narrow class group, and consider the following 
diagram where the row is exact: 

1 

i 

c* 

Here /p is the highest power of p dividing n. Using the column, a character a; of (C/n)^ can be inflated 
up to a character, also denoted w, of Y\Op)/ F^ . Denote this latter group tentatively by iJ, and 

observe that it is a subgroup of finite index inside the abelian group G := Ap/F^; the index is the narrow 
class number h. The representation Ind^(a;) is a direct sum of h characters, and we can take uj to be any 
such character. We will say that li is a character oi Ap/F^ which restricts to the character uj of (O/n)^. 

4.2. Attaching a cuspidal automorphic representation. Let Lq{GL2{F)\GL2{Ap),u]) be the space of 
functions on GL2(Ai?) such that 

0(75) = m for all7 e GL2(F), 
(l>{zg) ~ oj{z)ip{g) forallzeA^i, 
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(j) is square integrable modulo the center, and (p satisfies the cuspidality condition 

for ahnost all g in GL2(Ai?). The regular representation of GL2(Ai?) on the space Lq{GL2{F)\GL2{A.f) , uj) 
will be denoted Pq . 

Let f be a primitive holomorphic Hilbert cusp form of weight k = (fci, • • • , fc„), level n, with a Hecke 
character Co. Let 'H(f) be a space spanned by right translations of f under GL2(Ai?). Then the resulting 
representation n(f ) on this space H(f ) occurs in the regular representation Pq on the cusp forms. The goal 
of this section is to prove the following theorem. 

Theorem 4.7. With the notions above, the representation Tl{i) on the space Hf is irreducible. Furthermore, 
the local representation H^^. at each archimedean place rjj is the discrete series representation Dk^-i of lowest 
weight kj . 

To prove the first part of this theorem, let us recall some important theorems regarding automorphic 
representations. (See, for example, Cogdell [8].) 

Theorem 4.8 (Multiplicity One Theorem). The representation Pq decomposes as the direct .sum of irre- 
ducible representations, each of which appear with multiplicity one. 

Theorem 4.9 (Tensor Product Theorem). Let (H, Vn) be an automorphic representation of Gh2{Ap) . Then 
n is the restricted tensor product of the local representations Hy , where v runs through all the places of F, 
and each Ily is an irreducible admissible representation ofGh2{Fy). 

Theorem 4.10 (Strong Multiplicity One Theorem). Let (II, Vn) and (n',V^) be irreducible admissible 
constituents of the regular representation of GL2 on the cusp forms. If Hy is equivalent to for almost all 
non- archimedean places v, then H sa H'. 

Theorem 14.81 and Theorem 14.91 guarantee that n(f) can be written as n(f) — ©^n*, with each irreducible 
constituent IT being a restricted tensor product of local representations H^. Therefore, in order to show 
that n(f ) is irreducible, it is now enough to show that w HI for almost all non-archimedean places v and 
for all i and j by Theorem 14. 101 Write f = ©^f* with each P in the space of IT. Now consider an irreducible 
constituent H*. 

Let p be a prime ideal of F not dividing either n or the different 2). For such an ideal p, Hp is a spherical 

representation 7r(xi_p, X2,p) induced from some unramified characters xi.p and X2,p- (We will work with only 

normalized parabolic induction.) Since f is an eigenfunction of Tp, so is f*, since the projection from n(f) to 

the i-th coordinate in ©iH' is a Hecke-equivariant map. Furthermore, it can be seen that the eigenvalue is 
1/2 

<?p (xi,p('!^p) + X2,p{'^p)), where qp is the cardinality of the residue field Cp/pOp, and rup is a uniformizer. 
Indeed, applying g — 1 in (|4.6p . we obtain that 



(4.11) (Tpr)(i) = r ' ^ + E 

1/2 

= ^p (xi,p(iJ7p) + X2,p(n7p))r(i). 

1 /2 

This shows that Xi.p(^p)+X2,p(^p) = Qp c(p, f), and that, together with xi,pX2,p being the central character 
of Hp, the characters xi.p and X2,p are uniquely determined by f and they are independent of i. Hence 
Hp = Hp for almost all p. Strong multiplicity one implies that IT* w 11^ , and multiplicity one will imply that 
n(f) is irreducible. This completes the proof for the first part of Theorem 14.71 
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For archimedean places, note that the local representation 11^^ at each place rjj is a (flK^), 0(2))-niodule, 



so it is enough to consider the eigenvalue Xj for the Casimir operator Aj ~ ~yj i^-^ + ^ j "Vj gf.gg. ■ Since 
Aj acts on f as a function on GL2(F^j), we only need to see the action on {f^\\kgj){i) for each i'. Writing 
/ 1/2 ^ -1/2 \ / Q sin6' \ 



gj — { -1/2 -a ) ' ^ direct computation shows that = ^ ( 1 — o" ) 

y Vj ) \ si'^^j cosyj J \ J 

V. An irreducible admissible infinite-dimensional representation of GL2(M), with infinitesimal character 

determined by ^1 — and central character trivial on R>o has to be the discrete series representation 

Dkj-i- This says that 11^^. = Dkj-i- (Infinite-dimensionality of 11^^. is guaranteed by the existence of 
Whittaker models.) 

4.3. Retrieving a Hilbert modular form from a representation. Let (H, Vu) be a cuspidal automor- 
phic representation with the central character uj that is trivial on , and such that the representation at 
infinity is equivalent to (E)^^iDkj-i, where Dk^-i is a discrete series representation of the lowest weight kj. 
Let the conductor of H be n. We note that, for any non- archimedean place v not dividing n, the local repre- 
sentation n^, is equivalent to a spherical representation induced from some unramified character \\,v ® \2,v- 
In order to retrieve a primitive holomorphic Hilbert cusp form from this representation, it is quite useful to 
consider a Whittaker model of 11. 

Recall from [Z8l our non-trivial additive character ip of A/F, and write ipy for u-component of this char- 
acter. The isomorphism between the representation space Vu and the Whittaker space W(n, ip) allows us 
to determine a unique holomorphic Hilbert cusp form that corresponds to H by choosing a suitable element 
from each local Whittaker model W(n^, V'u)- For almost all v, Wy € W(Ht,,^^) is a spherical element, and 
is normalized so that Wv{ky) = 1 for all ky € GL2(Ot,). The choices for the local vectors should be made in 
the following manner. 

For each archimedean place v = rjj, let be the lowest weight vector in W(n^^ , V'jjj )• By the lowest 
weight vector, we shall mean the element given as follows: 

1 a: \ / cos 6 — sin \ ( U 



For a non-archimedean place p, a suitably normalized Kp(n)-fixcd vector needs to be chosen, where Kp{vi) 
is an open compact subgroup of GL2(Fp) defined in (|4.1|) . For this purpose, let / and r be the highest powers 
of p that divide n and the different 2)_f, respectively. It is clear that Kp(n) can be written as 



Kp(n)= ^ ro(pO 



where ro(p-'') = | ^ d ) ^ GL2(e'p) : c ee mod p-'^j. Let 11/;^™ be the new vector in W(Hp, V-p), i.e., 
T^p"°^ is an element such that ( ^ ^ ) ' W^r"^ = tJp(d)VKp"™ for all ( " ^ j £ ro(p-^), and normahzed 



in a way specified below. Define W° ^ y ^ y VFp"™. Then W° is an "almost" Kp(n)-fixed vector. 

(Note: this W° is slightly different from the W° of 13.3.11 ) In particular, 

(4.12) w;(^^ ^ ^ - M^-" {^'^ I 

We claim that the right hand side of the above expression is not zero for any p, and hence can be 
normalized so that W°{1) ~ 1. In order to show that our claim is true, we first assume that r — Q, and 
hence the conductor of ■(/'p is Op. Pass W° = Wp to the new vector Kp in the Kirillov model /C(Hp,-0p) with 



32 A. RAGHURAM AND NAOMI TANABE 



respect to the same additive character ipp, by defining K,p{x) = W° y ^ j, and observe Kp(l) ^ 0. ( [551 
Section 2.4]) The isomorphism between the Whittaker model yV(np,-i/;p) and the Kirihov model /C(np,V'p) 
guarantees that j^O. Normalize this vector, (and call it again), so that VKp (1) = 1. 

Next, let r > 0. Let -ip^ ^-r be an additive character defined by ^--r^x) := ipp{wp^x). Then since the 
conductor oi ij}^ ^-i- \s Op, the same argument as above applies to show that ^ where 

is the new vector in a Whittaker model with respect to ip^ ^-i-. Observing that 

the same normalization can be done in this case as well. 

Let W° — (dvW°, which is an element of yV(n, iji). Then there is a corresponding element f in Vq by the 
usual isomorphism Vn W(n, ifi). The vectors f and W° are related by 

(4.13) f(g)= E ^°(( " 1 )-9 

Furthermore, we claim that, in the above expression, a only runs through totally positive elements in F . 
To see this, put g ~ ^ ^ where yoo is an element of A whose finite part is 1. Then it is easy to 

see that W° ^ ^ ^ = g-s^ry^a n„<oo " must be zero unless a is totally positive for the 

summation to be bounded. Hence the Fourier expansion of f simplifies to: 



(4.14) f(5) = E 



a 

1 



The rest of the section will be devoted to show that f is the desired Hilbert modular form. 

Theorem 4.15. Let Ao{k,n,uj) be a subspace o/^cusp(GL2(i^)\GL2(A),cj) that consists of elements satis- 
fying the following properties. 

(1) Hgrm - e-^V(ff) where r{e) := | ^ ""^ll] ^ til] ) } . ^ S^^^)", 

(2) (f)(gko) — u}f{kQ)(j){g), where Cof is the finite part of Cj and kg £ Ko(n), and 

(3) (f) is an eigenfunction of the Casimir element A :— (Ai, • • • , A„) as a function o/GL2(M)", with its 
eigenvalue X — 0^=1 '2 ~ '2^ ■ 

Then AQ{k,n,ijj) is isomorphic to Sk(n,u}). 

Proof. These are essentially the same spaces defined from different points of view. To see this, observe first 
that any holomorphic Hilbert cusp form f is in Ao{k,n,(l!). So it remains to recover a holomorphic Hilbert 
cusp form from any element (j) in Ao{k,n,Lo). For each element g = "fx~''goako of GL2(Ai?), put 

f^{z) = (j)ix-'g^)detg^^/'^i{goc, i)^ 

where goo(i) = z. Holomorphy of fi, can be shown by checking that it is annihilated by the first order 
differential opeator ^ + (As mentioned in Gelbart [13l Proof of Proposition 2.1], details of this 

argument appear in Gelfand-Graev-Piatetski-Shapiro[I^ Chapter 1, Section 4].) A direct computation 
shows that f := (/i, • • • , fh) & Sk{n,u}) and f = □ 
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Going back to the f that corresponds to the global Whittaker vector W°, it is clear that f belongs to 
Ao{k,n,u}). Indeed the first two conditions follow from ()4.14p immediately, and the third condition holds 
because Hoo = <S)Dkj-i and it follows that AW^ — XW^ with A given in the theorem. Therefore, it now 
only remains to show that f is primitive. 

To prove that f is a newform, suppose that there exists an integral ideal m that divides n and such 
that f e 5fc(m, a)). Writing f = (/i,--- , fh) with G Sk{Ti,{m),uj) for v = I,-- - ,h, it shows that 
fv\\k7 = ^{l)fu for all 7 G T^{m) which contradicts the fact that the conductor of 11 is n. 

Next, it needs to be proven that f is a common eigenfunction of the Hecke operators Tp for almost all 
prime ideals p, namely p not dividing neither n nor the different 2). Recall that for such an ideal p, Kp(n) = 
GL2(C'p), f is right Kp(n)-fixed, and the local reprcscntatoin Hp is equivalent to a spherical representation, 
7r(xi^p, X2,p), induced from some unramified characters xi,p s-nd X2,p- Let fp be the normalized spherical 

1/2 

vector in the induced model. Then f" is an eigenfunction of Tp with eigenvalue is qp (xi,p('^p) + X2,p{.'<^p))- 
(See (|4.1ip .) Hence 14^° is an eigenfunction for Tp with same eigenvalue. It follows from (I4.13P that f is also 
an eigenfunction for Tp with same eigenvalue. 

Finally, we will prove that f is normalized, i.e., c{0^ f) = 1. Note that f has an expansion, 

^ 1 )) ^ ^ c(e2/0,f)(Cyoo)'=/'e-2-C^-M(^a;), 

where y G with j/oo G F^+, x Ap, and /i is some additive character of Ap/F. (See, for example, 
Garrett jT2] or Shimura [S^.) In particular, 

' ' = ^ c(^0,f)e"/'e-2-«. 
On the other hand, by (|4.14|) . 



f ( ( ^ , 1 1 = J2 ^ 



Comparing these expressions, we obtain c{0, f ) = ni;<oo ^ ^ ^ J = 1 as desired. 

This result, together with the argument in the previous section, completes the proof of the correspondence 
between primitive holomorphic Hilbert modular forms in Sk (n, cD) and cuspidal automorphic representations 
of GL2(Ai?) over a totally reall number field F satisfying the following conditions: the local representations 
at infinite places are the discrete series representations Dk -i of the lowest weight kj for each j = 1, . . . ,n, 
the conductor is n, and the central character is trivial on the totally positive elements Foo+ in 1^"- 

4.4. L-functions. 

4.4.1. L-function attached to f. Let f = (/i, • • • , fh) be a primitive holomorphic Hilbert modular form of 
weight fc, level n, and with a character lo. Recall that c(m,f) is defined to be ai/(C)C ^"^^ for any integral 
ideal m — £,t^^O, and it is for m not integral. The (finite) i-function attached to f is 

^/(^'f)-2.N(m)-^o/2' 
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where m runs through aU the integral ideals of F. Let cj* be a character of the group of ideals prime to n 
defined by w*(p) — Cj{wp) for all prime ideals p that do not divide n; and let w*(p) = if p divides n. Then, 
the L-function has an Euler product, 

Lf{s, f ) = n (l - c(p, f )N(p)-^+'=«/2 + cj*(p)N(p)'=«-i-2-) . 
p 

The product is taken over all the prime ideals p. Define the local factors at infinite places by 

L,(.,f)^(2,)-(-^)rf.-^l^ 



/ 



and for convenience write 

fco — fc" 

Define the completed L-function by 

L(s,f) -L/(s,f)Lco(s,f). 

The above definitions are all for 5R(s) ^ 0. It is part of standard 'Hecke Theory' for Hilbert modular forms 
that L(s, f ) has an analytic continuation to all of C and satisfies a functional equation of the expected kind. 

4.4.2. L-functions attached to H. Recall the definition of the L-function attached to a cuspidal automorphic 
representation 11. First recall the GLi-theory. For a Hecke character x = ®vXv, the local L-factors at the 
finite places are given by 

Lvis,Xv) ~ (1 ~ Xfl^f if Xv is unramified, and 
Ly(s,Xv) = 1 if Xt> is ramified. 

Define the local i-factors for GL2 as follows: if the local representation Hp at a place p is equivalent to a 
principal series representation 7r(xi^p, X2,p), then put 

Lp(s,np) = Lp(s,xi,p)ip(s,X2,p)- 

Note that both factors are non-trivial if and only if Hp is spherical. For the other places, define Lp{s, Hp) = 1 
for a supercuspidal representation Hp, and 

ip(s,np) =ip(s + l/2,xp) 

for Hp = StGL2(-Fp) ® Xp7 the twist of the Steinberg representation StcL^j^^) by Xp- (See, for example, Kudla 
[26l Section 3].) At the infinite places, the factors are 

L,^(s,n,j = (2.r(^+^)rf,s + ^'' 



ioo(s,n^)-(2^)-(^+'^)r(s + 



Again, we use a multi-index notation and write 

k~l' 
Y 

to mean the product of all L^^(s, H^^. ). The global i-function attached to 11 is 

L{s,U) = (g)yLy{s,U^). 

The above definitions are all for 5i(s) ^ 0. It is part of standard 'Hecke Theory', due to Jacquet and 
Langlands [52], for cuspidal representations of GL2(A) that L(s,H) has an analytic continuation to all of C 
and satisfies a functional equation of the expected kind. 
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4.4.3. Relation between L(s, f) and i(s, H). Having L-functions attached to a Hilbert cusp form f and to 
a cuspidal automorphic representation 11, a natural question to ask is how L(s,f) and L(s,n(f)) relate to 
each other where n(f) is a representation attached to a primitive cusp form f. The main theorem of this 
section is: 

Theorem 4.16. Let f G Sk{n,uj) be primitive, and n(f) a cuspidal automorphic representation attached to 
f . Then the completed L-functions attached to f and attached to n(f) satisfy the following relation: 

L{s,n{f))=L(s+^^,{ 



where ko — Maxjfci,-- - ,fc„}. The same relation holds between the finite and infinite parts of the two 
L-functions. 

Proof. Let 9fi(s) ^ 0. For any place v of F, and any vector Wy in a local Whittaker model >V(n(f)t,, V'd), 
define a local ^-integral by 



A global C-integral is similarly defined for W G yV(n,-0) as 

as,W)= J^^wl^'' ^ yar'^'d-a. 

This integral is eulerian, i.e., if the global Whittaker vector W factorizes as W = ®Wv into local Whittaker 
vectors then 

as,w)^ n c^-(s,w^.). 

V<CSD 

In particular, take ^ to be the additive character that has been fixed, and Wy the normalized new vector 
W° as in Section 1431 Then, one can show that Ly{s,U{i)y) — (^y{s,W°). (See, for example, Gelbart [T3l 
Proposition 6.17].) Therefore L(s,n(f)) = n„ ^^'(s, n(f)) = UvCvis^W") = Cis,W°). On the other hand, 
we have 

We recall that Ap/F^ = u'^^ifJ^F^^ JJ disjoint union), and it follows that, for any y e Ap, 

with a unique v where ?/oo is the infinite part of y and i — (i, . . . ,i). Hence 

= ill uw^'^Kr'-''''^-^. 
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Applying the Fourier expansion fuiz) — <^i^{0 exp(27r?^z), the proof can be completed as follows. 

L(.,n(f)) - 2^(2,^).-i/2|i^|-(.-i/2)y^ 



F + y 



- (2.r(--)r(,s + ^)5: 



c(m, f) 
N(m)'^-i/2 



The equality is for 3R(s) ^ 0. Both sides have analytic continuation to all of C and hence we have equality 
everywhere. 

From the definitions of the infinite parts of the two L-functions, we see that 

ioo(s, n(f)oo) = Loo(^S+ 

It follows that the same relations hold for the finite part since L/(s,n) = L{s,lV) / Loo{s,IIod), and similarly, 
i/(s,f) = L(s,f)/Loo(s,f). □ 

4.5. The action of Aut(C) and rationality fields. 

4.5.1. The action o/ Aut(C) on Hilbert modular forms. Let a be an automorphism of C, and let it act on 
M" — YYj=i by permuting the coordinates. Then aorj gives another embedding of F into K". Considering 
(t(^*^) = Y[j=i '^iVjiO)''' for £, & F and k G Z", we can view ct as a permutation of {kj}. We will use this 
identification from now on, and denote it as /c'^. 

Let / be a Hilbert modular form of weight fc, level n, with a character (D, and write its Fourier expansion 
as f{z) — Qi/(C) exp(27rz^2:). We define f to be 
f 

r(z) = ^a^(Oexp(27rzez,), 
? 

with a^(^) — a{a,y{S^)). We have the following 

Proposition 4.17 (Shimura, [37]). Let a e Aut(C). // / 6 Mk(T,io), then f e 7Wfc<. (F, w'^), where 
0;°' = a o uj. 

In order to attain a similar result in the adelic setting, we normalize f as follows: For e A^fc(r,y,CLi) 
with Fy defined in Section WA[ put 



where /cq Max{fci,-- - ,fc„}. If f is a holomorphic Hilbert modular form given as f = (/i,--- we 
define F to be F = (/j"', 

Proposition 4.18 (Shimura, [37]). Let f = (/i,-- - , A) he in Mk{n,Cj), and a e Aut(C). Then F G 
A^fcCT (n, w'^), and iV(Tn)'^''/^c(Tn., f"') = (Af(m)'^"/^c(m, f))"". Furthermore, is primitive whenever { is. 
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4.5.2. Aut{C) -equivariance of the dictionary. Proposition 14 . 1 8l guarantees that is a primitive holomorphic 
Hilbert modular form if f is. Therefore, by the bijection discussed in Section Upland Section 1431 there exists 
a cuspidal automorphic representation n(f'^) of a certain type that corresponds to f^. Now, the question 
is: how one can compare the Aut(C)-action on the space of Hilbert modular forms with the Aut(C)-action 
on the space of cuspidal automorphic representations? The obvious guess that n(f°') = n(f)'^ is not quite 
correct; indeed, n(f)'^ may not even be an automorphic representation. The following theorem answers our 
question; the proof also includes verifications of some of the arithmetic properties stated in Theorem 11.41 

Theorem 4.19. Let f G Sk(ji,il!) be primitive, with k — (fci, • • • , fc„). Assume that fci = • • • = fc„ mod 2. 

Then the map f M> n(f) (8) | j'^o/^ is Aut(C)-equivariant, where ko — Maxjfci, • • • , 

Proof. First, let us note that n(f) is algebraic if /cq = mod 2, and n(f) ® | |^/^ is algebraic when ko = 1 
mod 2; these follow easily from 13.1.51 These cases may be uniformized by considering the twist 11 (f) 
by I l'^''/^ to say that n(f) ® | \''«/^ is an algebraic cuspidal automorphic representation for all k that 
satisfy the parity condition in the hypothesis. Further, if kj > 2 for all j, then n(f) (g) | j*^"/^ is a regular 
algebraic cuspidal automorphic representation; this can be seen immediately from l3.1.10l after one notes that 
n(f) (g) I g Coh(G,Ai''), where the weight fj, = {fii, . . . ,fin) is given by: 

_ f kp + fcj - 2 kp - k^+2 \ 
" 2 ' 2 ) ■ 

(Let us add a comment about kj > 2. Even in the elliptic modular case, a weight 1 form is not of motivic 
type; another facet of the same phenomenon is that the associated representation after twisting by | |^/^ is 
algebraic but not regular; or that the associated L- function has no critical points.) 

By Theorem 13.101 the representation (n(f) g) | is also a regular algebraic cuspidal automorphic 

representation. Let us note that this representation, however, does not have an appropriate central character 
to apply the "dictionary." In order to modify the central character, twist it by | ["'^'f/^ and consider the 
representation n' :— (n(f)(8)| j*^"/^)'^ 1 [''^o/^. This representation is cuspidal and automorphic, whose local 
representations at infinity places are (g)^n(f i.e., the permutation of the discrete series representations 

{Dkj~i}, and such that the conductor is n, and that the central character is trivial on F^+. Therefore, by 
Section [4.31 there is a primitive holomorphic Hilbert modular form of weight fc*^ and level n. It remains to 
show that this cusp form is actually f^, and that the central character of H' is ui'^ . 

By Theorem 14.101 it is enough to show that Hp coincides with H(f'^)p for almost all finite places p. In 
particular, let p be a place of F that does not divide n. Then, the local representation Hp at p is a spherical 
representation, say induced from Xi,^, and X2,p: a-nd write it as Hp = n (xi^p, X2,p)- We use the following 
lemma to see these characters more carefully. 

Lemma 4.20 (Waldspurger, |41j). Let H = 7r(xi,X2) be a spherical representation induced from xi and X2, 
then '^H is also spherical, and it is induced from characters defined as \ \^^^^cr{xi ' I T^^); where i — 1, 2. 

Let n(f)p — 7r(xi,p, X2,p)- By the lemma above, the characters Xi,p can be described as 

_ fco+i / fcp+i \ 

Xip = I Ip ' cr ^X^.p • I Ip ^ 1 . 

Therefore, a direct computation shows that 



(xi,p +X2,p) (^p) = 




= qy'c{p,n by em. 
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and 

This says that qj"^ (xi,p + X2.p) ('^p) gives the eigenvalue for the Hecke operator Tp applied to f"', which 
can be seen by the same computation done in (j4.11|) . and that x'l p • X2 p is the central character cj"" of 11 (f^). 
This completes the proof of Theorem 14.191 □ 

4.5.3. Rationality fields. Let f be a primitive form in 5fc(n, cj). Define the rationality field of f as 

(4.21) Q(f) Q({iV(m)''«/2c(m, f) : for all integral ideals m}). 

This is the field generated over Q by the normalized eigenvalues of f for all the Hecke operators Tm- Shimura 
[37l Proposition 2.8] proves that this field is a number field which is in fact generated by N{p)''"/^c{p, f ) for 
almost all prime ideals p. Further, this number field is either totally real, or a totally imaginary quadratic 
extension of a totally real number field. 

Let n = n(f), and we have checked that n(f) eg) | \''°^^ is a regular cuspidal automorphic representation. 
Define the rationality field Q(n) to be 

(4.22) Q(n) := ci'^^J^^cy-'^f^nf}^ 

That is the subfield of C fixed by the group {a G Aut(C) : '^11/ — 11/} of all C-automorphisms which fix 11/. 
By strong multiplicity one, '^11/ = 11/ if and only if "'Hp — Hp for almost all prime ideals p. 

Using Proposition 14.181 it is clear that Q(f) is the subfield of C fixed by the group {a G Aut(C) : 
a{N{m)''''>^^c{m,{)) = Af(m)'="/2c(m, f))}. It follows that Q(f) = Q(n(f)). 

4.6. Proof of Theorem 1 1.1 1 and period relations. The proof Theorem 1 1.1 1 is a totallv formal consequence 
of Theorem 1 1 . 21 plus Corollarv ll.31 together with properties of the dictionary as in Theorem ll.4l we leave the 
details to the reader after observing, as mentioned in the proof of Theorem 14.191 above . that if f e Sk{n,ui) 
and suppose for convenience that all the weights kj are even, then IT = n(f) G Coh{G, fi^) with the highest 
weight jj, ^ (ni, . . . , Hn) being given by: 

/i, = ((/c,-2)/2,-(fc,-2)/2)=:(a„6,)- 
Note that Shimura's periods u(r,{) and our periods p'^(n) have different definitions. With this in mind, 
it is interesting to see the formal consequences of the fact that these periods appear in the critical values 
of the 'same' L-function. Using the notation as in Theorem II. 4( when all the weights kj are even integers, 
then ko/2 is a critical point for L(s,f), which corresponds to the central critical point 1/2 for L(s,n(f)). 
We have the following consequence: 

{2m)^u{+^,{) ^ {2TTif^p++{n{{)). 
where ~ means up to an element of Q(f)* = Q(n(f))*. Note that doo — J^ji'^j + 1) = Hence 

(4.23) P++(n(f)) - (27ri)^.('=''-'=^)/2M(-f+,f). 

Twisting by a quadratic character of prescribed signature, one can deduce a similar relation between u(e, f ) 
and J3'(H) for any e G (Z/2Z)". Similarly, one can deduce period relations when all the weights kj are odd. 
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